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Preface

This book is intended as a tutorial for students and post-graduate stu-
dents, as a guide for lecturers, and as a monograph for scientific researches
specializing in pure and applied mathematics and dealing with algebraic,
differential, integral, and operator equations. More specifically, the book
treats of one of key problems in applied mathematics, i.e., how to investi-
gate into, and provide for, the solution stability in solving equations with
due allowance for inaccuracies in set initial data, parameters and coefficients
of a mathematical model for an object under study, instrumental function,
initial conditions, etc., and also with allowance for miscalculations, including
roundoff errors.

Until recently, all problems in mathematics, physics and engineering were
believed to fall into two classes, — well-posed problems, wherein small inac-
curacies in initial data give rise to small solution accuracies, and ill-posed
problems, wherein small inaccuracies in initial data may result in arbitrarily
large solution inaccuracies. For ill-posed problems to be solved, special (sta-
ble, regular) methods are required; some of these methods are considered in
the present book. It is expedient, however, to additionally introduce a third
class of problems, intermediate ones between well- and ill-posed problems.
These are problems that change their property of being well- or ill-posed on
equivalent transformations of governing equations, and also problems that
display the property of being either well- or ill-posed depending on the type
of the functional space used. From the standpoint of applications, problems
that change their property of being well-or ill-posed on equivalent trans-
formations should be paid special attention since their solution by classical
methods may give rise to crude errors in calculations, resulting in accidents
and crashes, and even in catastrophes of ships, control systems, etc.

The book consists of two complementary parts.

In the first part, general properties of all the three classes of mathemat-
ical, physical and engineering problems are considered, together with the
approaches used to solve them.

In the second part, several stable methods for solving inverse ill-posed
problems are described, illustrated with numerical examples.
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and engineering




Chapter 1.

Simplest ill-posed problems

1.1. STATEMENT OF THE PROBLEM. EXAMPLES

The necessity in studying ill-posed problems stems from one of the main
problems in applied mathematics, gaining reliable computing results with
due allowance for errors that inevitably occur in setting coefficients and
parameters of a mathematical model used to perform computations.

Indeed, coefficients in a mathematical model, equations, or a set of equa-
tions used to perform computations are obtained, as a rule, from measure-
ments; for this reason, they are accurate only to some limited accuracy.
Moreover, parameters of an actual process or a technical object under simu-
lation are never perfectly time-independent quantities; instead, they undergo
uncontrollable changes, or display variations, whose exact value is usually
unknown.

That is why we will differentiate between the nominal values of coeffi-
cients (to be denoted as a;,) and their real, “true” values (to be denoted
as a;t). The nominal values are the values to be fed into the computer
and used in all computations, whereas the real, “true” values a;; are never
known. What we can is just to claim that these unknown values are confined
between certain limits and therefore obey some inequalities:

(1—5)ain Sait §ain(1+€). (1.1.1)

Here € are numbers small compared to unity. Thus, the exact values of coef-
ficients are never known, and only estimates for the coefficients are available.
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We will call the products +¢ - a;, the nominal-coefficient variations, or
errors in nominal coefficients.

Since all computations are always conducted with nominal coefficients
(while the real, “true” coefficients, as stated above, remain unknown), it is
necessary to check how coefficient variations (and also variations of param-
eters, initial and boundary conditions, etc.) affect the computing accuracy.

There exist problems in which solution errors are the same order of mag-
nitude as errors in setting coefficients (coefficient errors); this case is simplest
to treat. However, there are problems wherein solution errors are greater
than coefficient errors. Here, care must be taken in order to properly eval-
uate the computation accuracy, and efforts, made, to invent a computation
procedure capable of minimizing the errors.

Finally, there are problems where even very small, practically unavoid-
able errors in setting coefficients, parameters, or initial and boundary con-
ditions give rise to appreciable solution errors.

Such problems are called ill-posed ones (a more accurate definition will
be given later); they are especially hard to solve. Nevertheless, such prob-
lems are often encountered in practice, and methods enabling their adequate
solution need to be put to scrutiny.

Let us begin with several simple examples.

Consider a system of two equations for two variables x and y:

(1.1.2)
ag1x + agy = ba.

{ ane + apy = by,

In the plane (x,y), either of the equations defines a straight line; the

solution of (1.1.2), i.e., the values of x and y making these equations iden-

tities are the coordinates of the intersection point of these straight lines.

The solutions x and y can be expressed in terms of determinants by the
well-known Cramer formulas:

by a a a a b a a
P L BT / 11 a12 7 Y= 1 b1 / o aiz) (1.1.3)
by az a1 a2 az1 b as1 a2
For instance, for the system
2y = 3,
Ty (1.1.4)
2r4+y=3
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1 2 b 3 2
we have e = -3, Loaz) = -3, and
agsr any 2 1 b2 a9 3 1
b 1 3
o _ = —3. Hence, the solution here is z =1 and y = 1.
asy bQ 2 3

Let us examine now how variation of the coefficient at z in the first
equation of (1.1.4) affects the solution error.

The solution for the system

1 2y =3
(L+eje+2y =3, (1.1.5)
2r+y =3
isz=3/(3—¢),y=(3-3¢)/(3—¢).
If |e| <0.01, then
. <zx<l. 4
0.996 < z < 1.0034, (1.1.6)

0.986 < y < 1.0034.

Thus, we see that, here, a small error in the coefficient result in a small
error in the solution. Nevertheless, there exist systems whose relative solu-
tion errors are much greater than relative coefficient errors. Such systems
are often called “ill-conditioned” systems (an exact definition will be given
below).

For example, for the system

{ Llz+y=1.1,

(1.1.7)
l+e)x+y=1
the determinant is

1.1 1
14+¢ 1

app a2 —0l—¢

az a2
The solution of (1.1.7) is therefore x = 1/(1 —10¢), y = —11¢/(1 —10¢), and
we obtain:

if || < 0.001, then 0.99 < z < 1.01,

if e| < 0.01, then 0.909 < z < 1.11,

if |e| < 0.1, then 0.5 < z < 0.

Here, the solution error is greater than the coefficient error. Moreover,
the solution error rapidly grows in value with increasing € and may be arbi-
trarily large if |¢| < 0.1.
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With (1.1.2), everything is quite clear: solution errors are large if the
determinant

ai;p  ai2
= a11a22 — a120a21 (1.1.8)

az1 a2
is small.

A small value of (1.1.8) points to the fact that the straight lines intersect
at a small angle, and even a small coefficient variation, changing this angle,
gives rise to substantial changes in the coordinates of the intersection point.

Consider now the limiting case where, at nominal values of coefficients,
the determinant (1.1.8) becomes zero. Here, even small coefficient variations
may give rise to large, or even dramatically large, changes in the solution.

Consider the system

x+y=by,
y=n (1.1.9)
z+y=1.
For this system, we have
a 1 1
1 a1z _o.
agl ag2 1 1

If by # 1, then the system has no solutions (indeed, the straight lines
here are parallel). If b; = 1, then there are many solutions: in this case, the
straight lines are coincident, and any pair of numbers x = 1 — y represents
a solution.

Consider now the system

{(1+5)x+y:b1, (1.1.10)

Tty =1,

i.e., the question how variation of a;; affects the solution of (1.1.9). Sub-
tracting the second equation from the first one, we obtain
b1 by —1

—1— . 1.1.11
T — y . ( )

If by #1, then for any (even infinitesimal) ¢ the solution does exist,
although it entirely depends on the unknown error €. From the practical
point of view, this solution, although existing for any € # 0, is meaningless.
If b = 1, then, as previously, we subtract the second equation in (1.1.10)
from the first one and obtain: ex = 0; it follows from here that the pair

x =0, y=1 (1.1.12)
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also represents a solution. This solution is valid for all values of € (including
arbitrarily small €) except for the single value ¢ = 0, to which an infinite
set of solutions corresponds (for ¢ = 0, any pair z = 1 — y is a solution).
Whether the solution is unique or there are many solutions depends on the
unknown value of e.

The above consideration shows the solutions of (1.1.2) with vanishing
determinant (1.1.8) to be of no practical significance.

For degenerate systems, Moore and Penrose invented the pseudo-inverse
matrix method (Sizikov, 2001, p. 189); with this method, a unique (but
generally unstable) solution, called the normal solution, can be obtained.

1.2. DEFINITIONS

With the above simplest example, we are going now to formulate a definition
of well- and ill-posed problems.

There exists a definition given in one of most authoritative manual on ill-
posed problems, A.N. Tikhonov and V. Ya. Arsenin, “Solution of Ill-Posed
Problems”, Wiley, NY, 1977. (The first, second, and third editions of this
book in Russian were issued in 1974, in 1979, and in 1986, respectively.)
According to this book, a problem is ill-posed if at least one of the following
three conditions is violated:

1. The solution exists.
2. The solution is unique.

3. The solution is stable, namely, arbitrarily small variations of coeffi-
cients, parameters, initial or boundary conditions give rise to arbitrar-
ily small solution changes.

It follows from definition (1.1.1) of coefficient or parameter variations
that, provided that the nominal value of the coefficient, i. e., the value of a;,,
is zero, then its variation is also zero; in other words, a zero quantity is not
to be varied, it always remains zero. This means that, when analyzing the
question whether a problem of interest belongs or not to the category of well-
posed problems, we will consider only relative, and not absolute, coefficient
variations.

We exclude from the present consideration the cases in which the nom-
inal value of at least one coefficient is zero while the varied value of this
coefficient, even arbitrarily small, has become nonzero. This restriction is
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necessary; otherwise, very broad range of problems will fall into the cate-
gory of ill-posed problems. For instance, the equation ajx + ap = 0 can
be considered as the equation 0 - 2% + a1x + ag = 0, i.e., as an equation of
type asx® + a1z + ag = 0 with as = 0. If, on variation, the coefficient as
becomes nonzero, equal to €, then already for arbitrarily small values of
two roots of this equation, generally not close to each other, will emerge,
and, in this situation, we will be forced to class the problem on finding roots
of the polynomial a1z 4 ag = 0, and also the problem on finding roots of an
arbitrary polynomial

1
anx” +ap_12" "+ +ap=0

to ill-posed problems, which policy seems to be unpractical.

Having abandoned the possibility of varying zero quantities, we ex-
pelled from the category of ill-posed problems a multitude of the so-called
“singular-disturbed” systems of differential equations, i.e., systems whose
parameters at higher-order derivatives are small, like in equations of type

eX+a1x+ag=0

and similar equations. These problems, although interesting, are not ill-
posed ones. Even if ¢ is arbitrarily small, this quantity (of course, conven-
tionally) is “by an infinitely large factor” greater than the exact zero. That
is why the transition from exact zero to € # 0 should not be regarded as
variation of the zero-valued coefficient, or its small variation.

Below, it will become clear that, even with zero variations abandoned,
the range of ill-posed problems all the same remains very broad.

1.3. EXAMPLES AND APPROACHES
TO SOLVING ILL-POSED PROBLEMS

A very broad set of minimax, or extremum, problems falls into the category
of ill-posed problems.

Example. Find the minimum length of a fence enclosing (without a
gap) a parcel of land of area s.

At first glance, the problem is rather simple to solve: it is well known
that a minimum fence length is achieved if the parcel of land is shaped as
a circle having the perimeter p = 2rR and area s = 7R? (here, R is the
radius of the circle). Eliminating R, we obtain: pui, = V4m/s.
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Yet, exact measurement of s is impossible. If the true area is greater
than the nominal one, s,, even by a small quantity As, then the fence of
length ppi, = \/E\/Q will remain open-ended, and the problem, unsolved.
We see that the problem under consideration, as well as any other problem
about minimizing elements, is an ill-posed one. There being an arbitrarily
small error in a condition, the solution vanishes.

This simple example can be conveniently used to explain the general
approach to solving ill-posed problems: an ill-posed problem, of no practical
meaning, needs to be replaced by a well-posed problem close to it.

Here, the well-posed problem is as follows: let the area s, be known
to some accuracy As; then, which additional length Ap is to be added to
the minimum length pni, so that to make the enclosing problem always
solvable? From the condition pmin + Ap = V47\/s,, + As, we readily obtain
that Ap = V4r (Vsy, + As — \/5,).

Since the error As is variable, equal to A;s, then, for any A;s, the above
formula gives a sequence of quite meaningful well-posed problems. In the
limit As — 0, we obtain the limiting solution of no practical significance for
the initial ill-posed problem.

This simple example illustrates the simplest case of the so-called regular-
ization: we replace the initial ill-posed problem of no practical significance
with a sequence of well-posed problems involving some parameter whose
limiting value generates the initial ill-posed problem. In the above sim-
plest case, the regularization parameter is As. Below, other regularization
methods for this parameter will be considered.

As in the above example, the property of being ill-posed arises in any ex-
tremum problem or, more exactly, in any problem on determining an element
on which some function, functional, etc. attains a minimum. Infinitesimal
changes in the set condition will result in that the minimal element found
(in the above example, the fence length ppy, = V4 V/5n) will become in-
sufficient to satisfy it. The problem will lose sense, which proves it to be an
ill-posed one.

Yet, since for all problems about an element providing an extremum
the reasons for the property of being ill-posed were rather easy to under-
stand, from time immemorial people used to solve such problems so that to
have some reserve in the solution, for instance, not specifying that, say, in
the problem about the enclosing fence one has to take, as the target value,
not the nominal area s,, but the maximum possible value of this area, i.e.,
s = sp + As, where As is the maximum possible error in measuring or
setting the value of s. The approach discussed being rather simple, at all
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times extremum problems were successfully treated without isolating them
in a special class of ill-posed problems. The class of ill-posed problems was
first identified by Jacques Hadamard, famous French mathematician (1865—
1963), in 1902 Hadamard gave an example of a heat conduction problem
in which an arbitrarily small error in setting boundary condition resulted
in a large solution error. Yet, the Hadamard example used rather a com-
plex mathematical model involving partial differential equations. Examples
treated later in the well-known course of mathematics (Tikhonov and Ar-
senin, 1977) and in (Lavrent’ev, 1981; Ivanov, Vasin, and Tanana, 2002;
Tikhonov, Leonov, and Yagola, 1997) were also rather complex.

That it why some of students, engineers and scientists — all those who
deal with calculations — often share the opinion that ill-posed problems is a
matter that belongs to the field of “very evolved” mathematics, something
very difficult to understand and rarely met.

They are certainly wrong. Ill-posed problems are encountered very fre-
quently, and care must be taken to adequately take their properties, and
difficulties they cause, into account. A historical review of ill-posed prob-
lems can be found in (Petrov, 2001).

As mentioned above, numerous extremum problems in which an element
providing an extremum is to be found, possess the property of being ill-
posed.

Another example of ill-posed problems is given by problems on finding
roots of polynomials in those cases where these polynomials have multiple
roots, but only real solutions are physically meaningful.

Consider a simplest second-degree polynomial:

2%+ 22 + 1.

Every scholar knows that this polynomial has the double root x1 = x2 =
—1 yielded by the following elementary formula:

v = b2 PRI c= 1+ VT T= -1

Yet, if the coefficient at the last term is not unity exactly, i.e., if this
coefficient equals 1+ ¢, which always may be the case because all coefficients
are known to some limited accuracy, then the real solution for arbitrarily
small € > 0 vanishes at once, and we have

xl,gz—li\/l—(l—l-ﬁ):—1:|:\/—8.
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If our concern is only with real solutions, then already for arbitrarily
small ¢ > 0 the solution vanishes. The problem on finding real-valued
multiple roots is therefore an ill-posed problem.

Many boundary-value problems for ordinary differential equations also
possess the property of being ill-posed. Consider the equation

d%x

with the boundary conditions z(t = 0) = 0, (¢t = a) = b. The general
solution of (1.3.1) is
xr = cysint + ¢y cost,

where ¢; and cg are constants of integration (indeed, it is an easy matter to
check that each of the functions ¢ sint and ¢y cost satisfy equation (1.3.1);
a linear combination of these functions therefore also satisfies this equation).
From the first boundary condition it follows that co = 0. The second bound-
ary condition, z(t = a) = b, yields ¢; = b/sina. Thus, the set boundary
conditions are satisfied with the solution

x1(t) = bsint/sina.

Yet, if the boundary condition is set at the point ¢ = a + ¢ instead of
the point ¢ = a (which is quite possible because small errors in boundary
conditions readily occur), then the solution becomes

x2(t) = bsint/sin (a + €).

If, for instance, a = 7 — ¢, then the absolute difference between z(t)
and x2(t) may be arbitrarily large even for arbitrarily small .

It should be noted that, unlike the case of the boundary-value problem,
the Cauchy problem for one differential equation of arbitrary order presents
a well-posed problem. Yet, very recently new interesting phenomena con-
cerning the alteration between the property of being well-posed and the
property of being ill-posed have been discovered in systems of differential
equations; this matter will be discussed in more detail in Chapter 2.

Approaches to solving ill-posed problem will be illustrated below with the
example of the problem on determining the position of a ship from bearing
data. If the shore is well within sight, then the navigator measures the angles
between the North direction and the directions towards two lighthouses,
A and B, which are available on the map. Then, the navigator plots these
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two directions (bearings) on the map with a pencil. The position of the
ship then can be identified as the intersection point of the two bearings
(Figure 1.1). Thus, here the navigator graphically solves the system of two
linear equations similar to equations (1.1.2).

Of course, the angles are measured accurate to some precision, and errors
in plotting lines on the map are either unavoidable; hence, the location
problem can be solved only approximately, although the accuracy suits the
navigator.

If two lighthouses are situated close together, then the directions towards
them are almost identical, and the lines drawn with the pencil will intersect
each other at an acute angle; they may even merge together within the
precision typical of some particular maps (see Figure 1.2).

Consider the latter case, i.e., the case where the navigator has to solve
an ill-posed problem, for instance, the problem on solving the system of

equations
r+y=1,
4 (1.3.2)
r+y=1,
whose determinant is zero; in fact, this problem therefore reduces to one

equation,
r+y=1.

Of course, the exact position of the ship cannot be identified based on
the two coincident straight lines (defined by the equations z + y = 1 and
x +y = 1), it may be any on the line z +y = 1.

Yet, this way or another, the ill-posed problem can be regularized.

Consider one (often recommended) regularization method: not any so-
lution of (1.3.2) is to be found, but the solution that has the lowest norm.
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(This method, yielding the solution with the minimum norm, called the nor-
mal solution, is considered in more detail by Sizikov (2001, pp. 179, 189).
One of possible norms here is the square root of sum of squares of x and y.
We are to solve the following problem: find z and y such that to minimize
the square of norm

F=a+y

providing that z and y are interrelated by equations (1.3.2), or (which is the
same) by the equation = + y = 1.

Taking into account that x = 1 — y, we bring F' to the form F = (1 —
y)? 4+ y? and, examining the derivative F/dy, obtain that F is minimal at
the point z = 0.5, y = 0.5.

Thus, with F = 22 + y? we have passed from the ill-posed problem to a
well-posed one (it is an easy matter to show that, with small coefficient vari-
ations in (1.3.2), the solution z = 0.5, y = 0.5 will change insignificantly).

Yet, for the practical problem of interest, that on determining the ship
position, the solution = = 0.5, y = 0.5 is formal. This point has nothing in
common with the actual position of the ship. If a method at hand fails to
provide the solution, a more appropriate method needs to be invented.

One of such methods is invoking additional information. Let there exist a
possibility to evaluate the distances to the coinciding lighthouses; these data
provide for additional information. Then, we plot each of the distances on
the map with a pair of compasses and obtain, on the straight line x +y = 1,
the true position of the ship.

Yet another method employing additional information consists in de-
termining, if possible, the bearing to a third lighthouse located far apart
from the first two lighthouses. The point where the new bearing intersects
the previous straight line x + y = 1 gives the sought position of the ship
(Figure 1.1).

Thus, in the cases where the location problem proves to be an ill-posed
one, the use of additional information offers a good regularization method.

Regularization should be regarded an approach to solving ill-posed prob-
lems, when one replaces the ill-posed problem of interest with a close well-
posed problem, by way of using additional information, introducing a norm
and searching for the solution for which the norm is minimal, introducing
a sequence of well-posed problems approaching, in the limit, the ill-posed
problem, etc.

There is a multitude of approaches to solving ill-posed problems; further
example will be given below.
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Furthermore, one can use general theorems. For instance, it long has
been known that the problem on finding roots of a polynomial of arbitrary
degree

A\ + ap A N Hag

presents a well-posed problem in the complex field. Below, we will see that,
for instance, such common a problem as the solution of systems of ordinary
differential equations is generally an ill-posed problem.

1.4. ILL-POSED PROBLEMS OF SYNTHESIS
FOR OPTIMUM CONTROL SYSTEMS

One of most remarkable encounter with ill-posed problems had been in the
1970-ths, when synthesis methods for optimum control systems were un-
der study. Shortly before (see, e.g., Larin, Naumenko, and Suntsev, 1971;
Letov, 1960, 1969), a theory was developed and algorithms were proposed
permitting the synthesis of optimum control systems; these algorithms made
it possible to substantially improve performance characteristics of many in-
dustrial objects and transport facilities acted upon by incompletely known
disturbing forces.

Under consideration were control objects governed by the following dif-
ferential equations with constant coefficients:

A(D)x = B(D)u + ¢(t). (1.4.1)

In (1.4.1), A(D) = @, D" + a1 D" ' + ... + ap and B(D) = b,, D™ +
by—1D™ 1 + ...+ by are some polynomials of differentiation operator D =
d/dt; x is the quantity under control (or, more exactly, deviation of this
quantity from its optimum value); u is the control action; and () is the
disturbing action, an incompletely known stationary random function of
time, about which, as a rule, nothing is known except for its power spectral
density (traditionally called, for short, the spectrum). The spectrum of a
random function can be easily deduced from observations over the disturbing
actions; this spectrum is then to be subsequently fitted with some even
fractional rational function

B apwzp + ap_1w2p*2 +...4+ag
bW + by w22+ by

S (1.4.2)

where w is a variable having the units of frequency, i.e., 1/s.
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The control quality criterion was the functional

1 T
J= lim T/ (oz? + u2) dt = o(a?) + (u?), (1.4.3)
0

T—o00

in which the term (22) reflected the control accuracy, and the term (u?)
indirectly took into account inevitable restrictions on the control action
magnitude. The nonnegative number \g was a Lagrange multiplier; it de-
pended on control restrictions and was calculated by rules given by Larin,
Naumenko, and Suntsev (1971); Letov (1960, 1969), Petrov (1977).

As early as the 1950ths, it was proved that there exists an easily realiz-
able linear control

Wi(D)x = Wa(D)u, (1.4.4)

(where Wi (D) and Ws(D) are some polynomials of differentiation operator
D = d/dt) providing for stability of the closed system (i.e., ensuring the
solution stability for system (1.4.1)—(1.4.4)) and minimizing the quality cri-
terion (1.4.3). In this manner, the problem on optimization was reduced to
searching for the optimum operators Wi(D) and W (D) and their subse-
quent realization with the help of technical devices called controllers.

Example. For a Kazbek tanker making its sea route under rudder
control (16 thousand ton displacement, 14 knot velocity), the mathematical
model is

(TED? 4+ ToD)x = u + (1), (1.4.5)

(i.e., A(D) = T2D? + T4D; B(D) = 1), where Ty and T are some time
constants, expressed in seconds (for Kazbek tankers, 77 = 26.3 s and T» =
17.3 s); x is the deviation from the preset course of the tanker, expressed
in degrees; u is the control action, i.e., the deviation of the rudder from
the diametric plane, expressed in degrees; and ¢(t) is the disturbing action
influencing the vessel, the moment of forces due to wind and sea roughness,
measured in rudder degrees, that produces an equivalent moment of force.

For a Kazbek tanker, the loss in velocity was minimized by the following
easily realizable controller of type (1.4.4):

u=—(2.5+43.6D)x (1.4.6)

(i.e., Wi(D) = —(2.5 + 43.6D) and Wa(D) = 1).
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Controller (1.4.6) is made up by an amplifier and a differentiator, con-
nected in parallel; this controller was therefore easy to realize.

For other control objects, controllers of type (1.4.4) could also be con-
structed; with these controllers, performance characteristics of these objects
could be substantially improved compared to objects equipped with previ-
ously used controllers (before the advent of the optimum control theory).

The coefficients in the optimum polynomials Wi (D) and Wy (D) of con-
trollers (1.4.4) were calculated by rather evolved algorithms. By way of il-
lustration, we give here a description of a simplest algorithm suiting the case
of B(D) = 1. This algorithm comprises the following steps (Petrov, 1977):

1. Following the substitution of jw with the variable s in spectrum
(1.4.2) (jw = s), the spectrum can be factorized:

So(s) = S1(s)S1(—s), (1.4.7)

i.e., represented as the product of two symmetric multipliers, Si(s) and
Sa(s); the first multiplier includes all multipliers of type s — a;, where a; are
roots whose real parts are negative, and the second one, all multipliers of
the same form but with positive real parts of the roots.

Since spectrum (1.4.2) is an even function, its factorization (i. e., decom-
position into symmetric multipliers) is always possible, but requires finding
roots of the numerator and denominator of (1.4.2), which, of course, implies
using computers.

2. Second, the even polynomial is to be factorized:
A(s)A(=s) + Ao = G(s)G(—s). (1.4.8)
3. Third, decomposition into fractions (separation) is to be performed:

A(-s)
G(=s)

where My is an integer polynomial, and M, and M_ are proper fractions
with poles that lie respectively in the left and right half-planes of the complex
variable s. Of course, to perform this operation, a computer is necessary
and, except for the case of simplest polynomials A(s), the result cannot be
expressed explicitly.

Si(s) = Mo+ My + M_, (1.4.9)

4. The fourth step is easy to perform: using My and M, we construct
the following equality for the polynomials W7 (s) and Wa(s) of the optimum
controller (1.4.4):

Wi(s)
Wa(s)

B G(s)S1(s)
MO =+ M_|_ ’

= A(s) (1.4.10)
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Despite the complexity of the computational algorithm, easy realization
of optimal controllers and, which is more important, considerable improve-
ment in performance characteristics of diverse objects gained with the op-
timal control, were the factors that have made have the optimum control
theory widely used; first monographs (Letov, 1969; Zubov, 1974) devoted
to this theory and its various applications were issued, and soon afterwards
this theory was introduced into lecture courses delivered at technical insti-
tutes and universities, including courses on control theory, automatic control
theory, and theory of automatic systems.

Afterwards, unexpected events occurred: several wrecks (crashes) hap-
pened, the reason for which was that some optimal systems constructed in
full compliance with the recommendations of the recently devised optimum
control theory proved to be unstable against small deviations of control-
object parameters or controller parameters from their nominal values.

In the 1960ths, such wrecks pointed to imperfection of the optimum
control theory and its practical application, all the more so that, for long,
the reason for these wrecks remained obscure. Indeed, at that time, it was
quite clear that optimal systems had little sensitivity to parameter variations
(because the main, linear component of the functional increment vanishes
at the extremum curve); for this reason, these systems were believed to
possess the property of parametric stability (it should be noted here that
“parametrically stable” systems are systems that retain stability under pa-
rameter variations). That is why the lack of parametric stability looked a
very strange observation, all the more so that not all systems displayed that
property. Some optimal systems were parametrically stable, some not, and,
for a long time, all attempts to find a regularity here were a failure.

Initially, it was the algorithm that was thrown doubt upon: parametric
instability was hypothesized to result from some deficiencies of the control
design algorithm; that is why active search for other algorithms capable
of providing parametric stability was launched. In 1965-77, several mono-
graphs (Letov, 1969; Zubov, 1974) were issued where new synthesis algo-
rithms were proposed; yet, every time these new algorithms were found to
exhibit the same drawbacks concerning parametric stability.

The state of things remained unaltered until the year 1973, when a
breakthrough was made. Early in this year, P. V. Nadezhdin (1973) found
that yet another synthesis algorithm, long before that reported by three
Ukrainian mathematicians (Larin, Naumenko, and Suntsev, 1971), fails to
provide parametric stability; P.V. Nadezhdin expressed the opinion that
this failure was a consequence of some algorithm deficiencies, and also the
hope that these deficiencies could be eliminated in the future.
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Later in 1973, it was shown (Petrov, 1973) that there exists no algo-
rithm capable of guaranteeing parametric stability since the quality control
minimum for many control objects lies on the verge of stability, and none
of algorithms can alter the situation (Petrov, 1973). This statement is easy
to prove since for several spectra of disturbing actions for the first time
mathematical models of optimal controllers were obtained in finite, ana-
lytical form, and not in algorithmic form. This finding at once has made
everything clear.

In particular, for the Rakhmanin—Firsov spectrum
a? + (32

(a2 + B2 + w?)2 — 432w

widely used to optimize seasgoing crafts and marine control systems

(where a and [ are sea roughness controlled parameters) and control ob-

jects of type (1.4.1) with B(D) = 1, Petrov (1973) obtained the following
optimum-controller formula:

Sy = (¢?) (1.4.11)

Uops = [A(D) — G(D)/(a + bD)]a. (1.4.12)

The polynomial G(D) in (1.4.12) is defined by formula (1.4.8); this polyno-
mial is therefore of the same degree n as the polynomial A(D), the higher
term in G(D) is a, D™, and the coefficients a and b can be expressed in terms
of the real and imaginary parts of the complex number

Ala—jB)/G(a - jB) = K1 + jKa, (1.4.13)

by the formulas a = K; + aKy/f and b = K3/[.

If control-object parameters equal the calculated, nominal parameters
exactly, then, having closed the control object (1.4.1) with the optimal con-
troller (1.4.13), we obtain the following mathematical model for the closed

system:
G(D)z = (a+bD)p(t). (1.4.14)

It follows from formula (1.4.14) that, here, the closed system is stable
since the polynomial G(D) is a Hurwitz one. Yet, if control-object coeffi-
cients differ from their nominal values even by arbitrarily small numbers &;,
i.e., if the mathematical model is

[(an 4+ €n) D" + (an_1+n1)D" P .. ag + ot =u+¢p, (1.4.15)
then the equation for the closed system becomes

[enD" 4+ e, 1 D" + ... cg + G(D)/(a+bD)|x = ¢(t), (1.4.16)
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on multiplication by (a + bD), considering the fact that the higher term in
G(D) is a, D™, instead of (1.4.16) we obtain:

[endbD" ! + e,aD™ + a, D" .. ]z = (a4 bD)p(t). (1.4.17)

Here, the ellipsis stands for the terms whose power exponents are lower
than n. From (1.4.17), it immediately becomes clear that even for arbitrar-
ily small €, the closed system may become unstable, since the necessary
condition for stability will be violated whenever the product €,b and the
terms in G(D) are of opposite sign. Since &, may be of either sign, sys-
tem (1.4.17) is parametrically unstable.

This means that for control objects of type (1.4.1) with B(D) = 1 acted
upon by the disturbing action with spectrum (1.4.11) the design of a con-
troller minimizing the quality criterion (1.4.3) presents an ill-posed prob-
lem: at nominal values of parameters, the closed system is stable, and crite-
rion (1.4.3) attains its minimum value, but stability vanishes already with an
arbitrarily small variation of a,; for the unstable system, functional (1.4.3)
has no finite value at all (i.e., it “tends to infinity”).

It is the property of being ill-posed, demonstrated by the problem of
synthesizing optimal controllers for several spectra of disturbing actions and
having remained unnoticed in due time, that resulted in several unforeseen
wrecks and, which is more important, undermined the trust to the optimum
control theory.

After the problem was proved to be ill-posed and the reasons for that
were disclosed in monograph by Petrov (1973), it was found an easy matter
to synthesize parametrically stable controllers and system close to optimal
ones. The first synthesis method providing for parametric stability was
proposed as early as 1973 in (Petrov, 1973). This method proved not to be
a very good one, and the studies were resumed. In 1977, a better method
was invented (Petrov, 1977), and a simple criterion was formulated enabling
easy discrimination between the cases in which the synthesis of an optimal
controller for control objects of type (1.4.1) presented a well- or ill-posed
problem: if

p>m+q—1, (1.4.18)

then the synthesis is a well-posed problem, otherwise, the problem is ill-
posed. In (1.4.18), m is the degree of the polynomial B(D) in the mathe-
matical model (1.4.1), and p and ¢ are half-degrees of the numerator and
denominator in the analytical approximation (1.4.2) of the spectrum S(w)
of the disturbing action ¢(t). Later, it became common practice to call
formula (1.4.18) “the Petrov criterion”, or ”"the Petrov inequality”.
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If the Petrov criterion is not fulfilled, then the optimum controller synthe-
sis presents an ill-posed, although easy to regularize, problem. The following
example illustrates the regularization procedure.

Consider the simple control object
4Dz = (D + 1)u + ¢(t) (1.4.19)

with the quality criterion

J = 9(z?) 4 (u?) (1.4.20)
acted upon by a disturbing force with the spectrum
2 1
S = — . 1.4.21
#(w) T 14+ w? ( )

Next, we pose the following problem: it is required to find a mathemat-
ical model for the controller that minimizes criterion (1.4.20). Using the
above-described synthesis algorithm (this algorithm is described in more
detail in (Petrov, 1977, 1987), we readily obtain the sought mathematical
model for the optimal controller:

(3D —5)u = 12(D + 4). (1.4.22)

On closing control object (1.4.19) with controller (1.4.22), we readily
obtain that the closed system is stable; then, calculation of the quality
criterion (1.4.20) in the system closed with the optimum controller yields
the minimum possible value of (1.4.20): Jin = 0.436.

Yet, the problem in question is an ill-posed one. Indeed, for the control
object (1.4.19) and spectrum (1.4.21), we have: m = 1, p = 0, and ¢ = 1; the
latter means that Petrov inequality (1.4.18) is not fulfilled, and the system
is parametrically unstable.

To check this, it suffices to take into account inevitable small deviations
from calculated values in the coefficients of the real control object. If we close
with the controller (1.4.22) the control object (1.4.19), in which possible
coefficient variations had been taken into account and the control object
therefore acquired the form

41+ e)Dz = (D + Du+ o(t) (1.4.23)

(for simplicity, here we vary just one coefficient), then the characteristic
polynomial of the closed system will acquire the form

A = —3¢D? + (20 + 5¢)D + 12. (1.4.24)
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With € = 0, the only negative root of this polynomial is D; = —0.6, but
already for an arbitrarily small € > 0 the polynomial (1.4.24) has two roots,
of which the second has a positive real part, and the closed system loses
stability even for arbitrarily small € > 0. If £ < 0, then stability is retained.

Had we had closed with the controller (1.4.22) the real control object
(1.4.23), then, since the sign of € is unpredictable, then the closed system
may be either unstable (for e > 0) or stable (for ¢ < 0). If ¢ > 0, then
the system under design is unstable and is to be rejected. Even worse the
situation will be if ¢ < 0. In this case, the constructed system will be able
to successfully pass control tests, and it will be operated for rather a long
time until the inevitable small drift of system parameters will give rise to
system instability, which may result in an emergency situation.

Of course, for such simple a control object as (1.4.19), the possibility of a
situation in which the system may lose stability is still easy to analyze. Yet,
similar phenomena were observed with much more complicated systems. It
is therefore not surprising that the application of the optimum control theory
to practical cases was postponed for many years.

Meanwhile, the theory of ill-posed problems enables solution to the prob-
lem. It is important to find a simple criterion making it possible to dis-
criminate between well- and ill-posed problems. As soon as the necessary
criterion (1.4.18) was found and reported by Petrov (1977), all other things
became in the following way: to provide for parametric stability, the analyt-
ical approximation of the spectrum, used to synthesize the controller, must
be chosen such that the Petrov inequality be fulfilled.

In the particular case of the control object (1.4.19), it suffices to choose
the following approximation for the disturbing-action spectrum:

2 1+ k*w?

For this approximation, we have p = 1, ¢ = 1, and inequality (1.4.18) is
therefore fulfilled. Thus, the optimal controller design for k # 0 presents
a well-posed problem. Using the same synthesis algorithm, we obtain the
following mathematical model for the optimal controller:

[(3—11k)D — (5+ 3k)|Ju = 12[(1 + 3k)D + 4]x. (1.4.26)
Then, the characteristic polynomial of the closed system is

A = (20k — 3¢ + 11ek)D? + (20 + 12k + 5e + 3ck)D +12.  (1.4.27)



Chapter 1. Simplest ill-posed problems 21

If the coefficient k is finite and ¢ is an arbitrarily small number, then the
closed system is stable and, as could be expected from the Petrov inequality,
the synthesis presents a well-posed problem.

As for finite, and not infinitesimal, variations e, the problem is more
difficult: for very small k, stability may be lacking. It follows from for-
mula (1.4.27) that, for instance, with k=0.01 stability will be retained only
if ¢ < 0.069, whereas already with k£ = 0.1 stability will be retained if
€ < 1.05, i. e., almost for arbitrary variations.

Simultaneously, the coefficient k& in approximation (1.4.25) is not to be
chosen too large. The point here is as follows: if the disturbing-action spec-
trum is approximated with formula (1.4.21) and the controller is calculated
by formula (1.4.25), then the magnitude of (1.4.20) will inevitably increase
by a value that increases with the coefficient k. For instance, with k = 0, we
have J = 0.4336; with & = 0.1, J = 0.4374 (increase by 0.88 %); and with
k = 0.3, the value of J increases to J = 0.4481. The increase in the quality
criterion is a kind of price to be paid for guaranteed parametric stability.

By introducing the parameter k into formula (1.4.25), we regularize the
initial ill-posed problem, transforming it in a sequence of ill-posed problems
whose solution in the limit £ — 0 tends to the solution of the initial ill-posed
problem.

Note that, if k£ # 0 but is very small, then the synthesis is not an ill-posed
problem, but remains an ill-conditioned problem: if, for instance, k=0.01,
then already for £ > 0.069 the system loses stability, which in practice may
result in a wreck. Yet, with £ = 0.1 stability will be guaranteed.

The suggestion to make the optimal-controller synthesis a well-posed
problem and the closed system parametrically stable by introducing into the
analytical approximation of the spectrum multipliers of type 1 + k?w? was
advanced and substantiated by Petrov (1977). This suggestion has enabled
synthesis of controllers, appropriate for practical use, that have substantially
improved performance characteristics of various control objects. The confi-
dence to the optimum control theory was restored, and this theory gained
a widespread practical application, providing a considerable economical ef-
fect. Practical applications of the theory to the design of optimal controllers
were reflected, for instance, by Abdullaev and Petrov (1985), Zubov (1974),
Larin, Naumenko, and Suntsev (1971), Letov (1960, 1969), Petrov (1973,
1977, 1987). We would like to mention here just one example: to diminish
the vessel rolling, controlled rudders are widely used. The passage to the
optimal rudder control enabled suppression of vessel rolling by a factor of 2.7
compared to the previously used control law (Abdullaev and Petrov, 1985,
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p. 231). The optimal controller here is rather simple; its mathematical
model is

(0.035D 4 0.85)u = —(4.15D% + 10.91D* + 6.15D + 3.35)z,  (1.4.28)

and the controller is easy to realize.

Equally easy to realize are controllers offering an effective control over
seagoing crafts (Abdullaev and Petrov, 1985, p. 224) and over exciting reg-
ulators for synchronous machines in power engineering intended for main-
taining stable voltage under load variations (Abdullaev and Petrov, 1985,
pp. 209-215), etc.

All these controllers guarantee parametric instability of closed systems.
Note that already after 1977, when the publication by Petrov (1977) was
issued, another regularization method has gained widespread utility, i.e.,
instead of the quality control (1.4.3), it became a common practice to syn-
thesize controllers that minimize the functional

J = (U?) + ko(@?) + k1 (22) + ... + Ky ((2™)?), (1.4.29)

where the additional terms ki (@2) + ... 4 k,((z(™)2) are introduced just to
overcome the property of the problem to be an ill-posed one. The synthesis
algorithm for the controller that minimizes the functional (1.4.29) is not
much more complex than that for (1.4.3), and parametric stability is guar-
anteed, although with a greater sacrifice in the quality criterion compared
to the technique based on transformation of analytical approximation of the
spectrum.

Yet, these are particularities. The main thing is that the investigation
into factors resulting in parametric instability and unveiling the property
of being ill-posed for a number of optimization problems enabled the use of
optimal controllers making it possible to substantially improve performance
characteristics of many industrial objects and transport facilities, thus pro-
viding a considerable economical effect.

1.5. ILL-POSED PROBLEMS
ON FINDING EIGENVALUES FOR SYSTEMS
OF LINEAR HOMOGENEOUS EQUATIONS

As is known, many important physical and technical problems require cal-
culating the magnitude of some parameter (traditionally denoted as \), for
which a system of linear homogeneous equations with the parameter has
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nonzero solutions. By way of example, consider the system

{ (A =221 + (1 = 3\)22 = 0, (1.5.1)

)\ZCl — 3:6‘2 =0.

Since system (1.5.1) is homogeneous, then, of course, this system has the
trivial solution 1 = 9 = 0. Yet, for some values of A, the system may also
have nonzero solutions. For instance, system (1.5.1) has nonzero solutions
if A = 0. Then, this system assumes the form

(1.5.2)
0-z1 — 329 =0,

{ 0-z1+22=0,
and any pair of numbers in which x9 = 0 and x; is an arbitrary number will
make equations (1.5.1) with A\ = 0 identities.

The values of A for which a system of linear homogeneous equations in-
volving a parameter has nonzero solutions are called the eigenvalues. Find-
ing the eigenvalues is an important step in solving systems of linear differ-
ential equations with constant coefficients; this problem is therefore often
encountered in engineering calculations.

By way of example, consider the following system of equations for the
variables y; and ys:

§1 — 291 = 3y2 — Y2,

. (1.5.3)
Y1 = 3y2.
We assume that the solutions of (1.5.3) are functions
At
= e s
e (1.5.4)
Y2 = T2€77,

where, in the case of interest, 1 and xo are the constants of integration
(i.e., constant numbers). After insertion of (1.5.4) into (1.5.3), we obtain
eM[(A2 = 2\)z1 + (1 — 3\)x2] = 0, (15.5)
e Az — 3z2] = 0. o
Having cancelled out the nonzero function e, we arrive at system
(1.5.1). We see that nonzero solutions (1.5.4) exist for those values of A,
for which system (1.5.1) has nonzero solutions, i.e., for eigenvalues. It is
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these, and only these, values of A that can be the exponents in the solutions
of the system of linear differential equations with constant coefficients.

That is why finding eigenvalues of a homogeneous linear system of alge-
braic equations is a necessary stage in solving systems of linear differential
equations with constant coefficients, — this statement is valid not only for
the system under consideration, but also for any of the systems of interest.

In turn, the eigenvalues are roots of the polynomial-matrix determinant;
the polynomial matrix for system (1.5.1) is

A2 —2) 1-3)\
\ L (1.5.6)

(recall that a polynomial matriz is a matrix whose elements are polynomi-
als). The determinant of (1.5.6),

A2 -2\ 1-3)\
A -3

A= = 5, (1.5.7)

has a single root, which is zero. Generally, for a system of differential equa-

tions

(1.5.8)
A3(D)xy + Ay(D)x2 = 0,

where D = d/dt is the differentiation operator, and A;(D), Aa(D), A3(D)

and A4 (D) are polynomials of some degrees, whose eigenvalues are the roots

of the determinant

{A1(D)$1 + Az2(D)z2 =0,

A1(A)  Az(N)
Az(A)  Ad(N)

. (1.5.9)

The same is valid for an arbitrary n-th order system of linear differential
equations. The eigenvalues are the roots of the polynomial determinant
(i.e., of a determinant whose elements are polynomials). For instance, the
eigenvalues for the system

AH(D)acl + ... Aln(D)iﬂn =0,

......... (1.5.10)
Api(D)xy + ... App(D)x, =0
are roots of the determinant
Anin(N) oo AN
A=]| ... e (1.5.11)
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The degrees of the operator polynomials in (1.5.10) depend on the prob-
lem under consideration. For instance, in the commonly encountered prob-
lem on finding frequencies of small-amplitude oscillations of mechanical or
electrical systems, the equations for the oscillations are constructed based
on second-kind Lagrange equations; hence, the polynomials A;;(\) here are
quadratic polynomials.

The problems on finding the roots of polynomial determinants similar
to (1.5.11) can be either well- or ill-posed problem. For instance, calculation
of (1.5.7) is an ill-posed problem. Indeed, consider variation of just one
coefficient and calculate, instead of (1.5.7), the determinant

A2 —2) 1-3)\
A —3(1+¢)

A= = —3eA? 4+ 62\ + 5. (1.5.12)

Let us check, first of all, that for an arbitrarily small £ determinant
(1.5.12) has not one, but two roots, Ay = 0 and A2 = 2+ 5/(3¢), and, as
€ — 0, the second root by no means tends to the first one and vanishes if
e = 0 exactly.

For the polynomial-matrix determinants, the reason for the property of
being ill-posed is quite clear: this property arises wherever, with nominal
values of coefficients, the terms with the highest degree of A cancel. It is
clear that, even with arbitrarily small values of coefficients, we have no such
cancellation; as a result, under small parameter variations, the degree of the
polynomial of X\ in the determinant undergoes changes; as a result, another
polynomial root emerges.

Nevertheless, the fact that calculation of determinants of some polyno-
mial matrices presents an ill-posed problem means that some of even more
important and commonly encountered problems, problems on solving sys-
tems of ordinary differential equations, are also ill-posed problems. The
property of being ill-posed may emerge even in solving the simplest class
of differential equations often met in applications, namely, linear equations
with constant coefficients.

1.6. SOLUTION OF SYSTEMS
OF DIFFERENTIAL EQUATIONS.
DO SOLUTIONS ALWAYS DEPEND
ON PARAMETERS CONTINUOUSLY?

Since coefficients entering differential equations of a mathematical model of
a natural process or a technical system under study are gained from tests
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and measurements, they are always known only to some limited accuracy;
for this reason, the continuous dependence of solutions on coefficients and
parameters represents a necessary (although not sufficient!) condition for
practical appropriateness of calculation results. If there is no continuous
dependence of solutions on parameters, then we cannot guarantee that in-
evitably occurring small deviations of true values of coefficients from their
nominal values will not result in large errors in the solutions.

In such cases, even an experimental check guarantees nothing — with no
continuous dependence of solutions on parameters, in an immediate vicin-
ity of experimentally tried values there may be values of coefficients and
parameters for which solutions may behave quite differently.

That is why the most important theorem in the theory of differential
equations that forms a basis for all practical applications of the theory, is
the well-known theorem about continuous dependence of solutions of ordi-
nary differential equations on parameters. This theorem is discussed in all
sufficiently detailed courses on differential equations, together with its proof,
for one n-th order equation and for a system of n equations written in the
normal Cauchy form, i.e., in the form

......... (1.6.1)
jf‘n = fn(xlv . -axn)-

For the theorem to be valid, it suffices that Lipschitz conditions be ful-
filled for the right-hand parts of the equations. In practice, these conditions
are almost always satisfied.

Since almost any system of equations unresolved with respect to higher-
order derivatives can be brought to normal form, it is common practice to
interpret this theorem loosely, assuming it to hold for all systems. As a
matter of fact, this assumption is erroneous.

Consider system (1.5.3) of differential equations with a parameter m,

(1.6.2)

1 = 2y1 + 3y2 — Yo,
Y1 = myo

and analyze how the solutions depend on the parameter m.

The characteristic polynomial of system (1.6.2) is given by the determi-
nant

A2 -2\ 1-3)

A -m

A= = (3—m)A% + (2m — 1)\ (1.6.3)
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this polynomial with m # 3 has two roots, Ay = 0 and Ay = —(2m — 1)/
(3 —m), whereas with m = 3, only one root, Ay = 0. Evidently, the value of
m = 3 is singular. Suppose that m = 3(1 + €); we are going to analyze now
how the solutions depend on . The general solution of (1.6.2) is

Y1 (t) =C4 e’\lt + Cze)‘Qt =C1+ Cze(2+5/(38))t. (1.6.4)

The solution ys(t) is of the same form. The constants of integration
in (1.6.4) can be found from boundary conditions. Let the initial conditions
be such that C; = 0 and Cy = 1. Then, let us ask ourselves, what will be
the magnitude of y; (t), say, at the time t=1 as a function of . If ¢ is a small
negative number, then the exponent 2+ 5/(3¢) is a large (in absolute value)
negative number; it follows from here that the solution y;(¢) will be close
to zero. If, alternatively, € is a small positive number, then the exponent
2+5/(3¢) is large and the solution y; (t) at ¢ = 1 will be a very large number;
this number will be the larger the smaller is e. For ¢ — 0 (i.e., for m — 3),
we have: y(t) — oo.

Thus, at the point m = 3 the solution y;(¢) as a function of m suffers
discontinuity, continuity being violated.

Next, consider practical consequences of this discontinuity. Let the nom-
inal value of m in (1.6.2) be 2.999, and the error in setting this parameter
(defined, for instance, by measurement error), be equal to two tenths. Cal-
culating, for instance, the magnitude of y1(t) at t = 1 (or at any other time t)
with the nominal value of m, m = 2.999, we readily obtain thaty; () = 0 to
the fourth decimal place after the decimal point. Yet, with regard for the
accuracy in setting m in (1.6.2), the true value of m can be 3.001; then, the
true value of y;(t) will be large, and equally large will be the calculation
error, pregnant with bad consequences, wrecks, and even catastrophes. The
latter is caused by the fact that the problem of finding the solution of (1.6.2)
with m = 3 is an ill-posed problem.

Crude errors in calculations will also arise in solving all system of equa-
tions whose characteristic polynomial changes its degree at some critical
value of an involved parameter, resulting in cancellation of coefficients at
the higher degree. If the magnitude of the parameter is not equal to the
critical value exactly, but is close to it, then there will be no change of degree
in the characteristic polynomial, but the coefficient at the highest degree will
be small, i.e., the polynomial will acquire the form

A=eN"+a, A"+ +ag, (1.6.5)

where ¢ is a number much smaller than the coefficients a,_1,an_2,...,ag.
Here, polynomial (1.6.5) will have one large (in absolute value) root
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An & —apn_1/€, while the other n—1 roots will be close to the roots of (1.6.5)
with omitted first term. This statement is easy to prove by dividing poly-
nomial (1.6.5) by the binomial

eX/an_1 + 1. (1.6.6)

In residue, we obtain a polynomial close (for small values of €) to
polynomial (1.6.5) with omitted first term. The sign of the larger root
An & —ap—1/¢ depends on the sign of £; the root therefore changes its sign
to the opposite when e passes through zero. This means that in the case
of ¢ < 0 a rapidly growing term will arise in the solution, while with ¢ = 0
the solution as a function of e suffers discontinuity. All these features were
previously displayed by system (1.6.2).

Thus, we arrive at the following conclusion: if at some critical value of
some parameter in the characteristic polynomial of a system of differential
equation of interest cancellation of coefficients at the higher term occurs,
then at this value of the parameter the solution of the system presents an ill-
posed problem: already under arbitrarily small variation of the parameter,
the solution at any finite values of the argument ¢ may suffer arbitrarily large
changes. The reason for the property of being ill-posed here is discontinuity
of solutions on the parameter.

If the magnitude of the parameter does not exactly equal the critical
value, but, instead, differs from it by a small (but finite) number, then the
solution of the system is not an ill-posed but ill-conditioned problem: small
(but now only finite) variations of the parameter may change the solution
by an arbitrarily large factor.

Note that solving ill-conditioned problem in this case is more risky than
solving ill-posed problem: the property of being ill-posed will be evident
from the large change of the degree of the characteristic polynomial under
parameter variations, whereas the degree of the characteristic polynomial
and the order of the system in an ill-conditioned problem both remain un-
changed under parameter variations; for this reason, a crude error here is
more probable.

Of course, there is a simple method making it possible to discriminate
between ill-posed and ill-conditioned problems, i.e., to check that the so-
lution remains almost unchanged for slightly changed values of parameters.
Yet, for high-order systems wherein the total number of coefficients is large,
this simple method becomes too labor-consuming.

All the aforesaid suggest a simple criterion that permits easy identifi-
cation of suspicious systems that may be ill-conditioned: the highest term
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of the characteristic polynomial of such systems (or the highest term and
several terms of lesser degree) is substantially smaller in value than other
terms. This can be (but not necessarily!) indicative of the fact that the
higher term of the characteristic polynomial has emerged as a small differ-
ence between large terms in the initial system, and small variations of these
terms may give rise to large (relative) changes in the highest term or may
make the term to change its sign for the opposite. Such a situation was
already exemplified with system (1.6.2).

Interestingly, ill-posed problems, which, as was stated above, can be con-
sidered as a limiting case of ill-conditioned problems, are easier to identify:
in an ill-posed problem for a system of differential equations, perfect cancel-
lation of highest terms in the characteristic polynomial occurs at the nominal
value of the coefficient, thus making the degree of the polynomial lower. The
polynomial depression offers a simple indication for the property of being
ill-posed. For instance, the characteristic polynomial of (1.6.2), given by the
determinant (1.6.3), generally must be of the second degree, and the fact
that, with m = 3, the degree of this polynomial diminishes presents a clear
indication that the problem with m = 3 is an ill-posed one. The situation
with ill-conditioned systems is more evolved: the degree of the characteristic
polynomial for such systems remains unchanged, and the smallness of the
coefficient at the highest term serves just an indication that this problem
may be an ill-conditioned one with respect to coefficient variations.

Consider now the illusory contradiction between the well-known theorem
about continuous dependence of solutions on parameters for one differential
equation of arbitrary order and the lack of continuous dependence for some
systems of differential equations. This illusory contradiction seems to result
from the fact that a system of equations can be reduced to just one equation
by equivalent transformations not affecting the solutions; that is why it
seems, at first glance, that, once the theorem about continuous dependence
of solutions on parameters holds for the single equation, then it must be also
valid for the equivalent system. This is not the case.

System (1.6.2) with m = 3 has the solution y; = C; and can be equiva-
lently transformed into the equation

(3 —m)ij1 + (2m — 1), = 0. (1.6.7)
With m = 3, this equation reduces to
5y1 = 0; (1.6.8)

the latter equation has the same solution y; = C. The solution of (1.6.8)
depends on the only coefficient 2m — 1, which equals 5 if m = 3; on the



30 Yu. P. Petrov and V. S. Sizikov. Well-posed, ill-posed, and ...

other hand, this solution continuously depends on m. Yet, no immediate
conclusions can be drawn from here as to continuous dependence of solutions
of system (1.6.2) on m. We have already checked that solutions of (1.6.2)
as functions of m suffer discontinuity at the point m = 3; formula (1.6.7)
reveals the reason for this discontinuity: the coefficient at the term with the
higher derivative vanishes if m = 3 and, hence, the term with the higher
derivative, whose coefficient depends on m, vanishes if m = 3. Thus, it
does not follow from the theorem about continuous dependence of solution
of one differential equation on a parameter that a similar theorem holds for
all systems of differential equations.

An analogous conclusion also applies to systems of differential equations
written in Cauchy form, i.e. in form (1.6.1). For system written in normal
form, the theorem about continuous dependence of solutions on parameters
is valid, but this gives no grounds to assert that this theorem also holds for
systems of equations written not in normal form, even if these systems can be
brought to normal form by equivalent transformations (equivalent transfor-
mations and their properties will be discussed in more detail in Chapter 2).

Yet, the authors of many manuals on differential equations give the proof
of the theorem about continuous dependence of solutions on parameters for
systems in normal Cauchy form and for one equation, not mentioning the
fact that for system written not in normal form continuous dependence may
be lacking.

As a result, many graduate students of higher education institutions and
even many graduate students of physico-mathematical and mathematico-
mechanical departments of universities adhere to the opinion that the prop-
erty of continuous dependence on coefficients is possessed by all systems of
differential equations; this erroneous opinion can be the reason for crude
errors in practical calculations.

That is why all specialists are to be forewarned that there exist sys-
tems of differential equations whose solutions do not continuously depend
on parameters.

Let us give several examples of such systems:

1. The system
(D3 +4D? + 2D +4)x; = (D* — D + 2)ao, (1.6.9)

(D? — 6D + 6)x; = (D — 25)xo (1.6.10)

was discussed by Petrov and Petrov (1999). It is an easy matter to check
that the coefficients of this system are such that to correspond to the point
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where the solutions as functions of the coefficient at Dz in (1.6.10) and as
functions of the coefficient at D?z9 in (1.6.9) suffer discontinuity.

2. The system
[TD?+ (24 2T)D* + (4+ T)D + slay = (D* + 2D + 1)xy,  (1.6.11)

(D +1)zg = (D* + 4D + 5)a1, (1.6.12)

previously examined in (Petrov, 1994; Petrov and Petrov, 1999), describes
processes in a system controlling the rotational speed of a direct-current
drive. In (1.6.11), (1.6.12), x; is the deviation of the rotational speed from
the optimum value and x9 is the deviation of the motor armature current
from the nominal value, i.e., the control action. Equation (1.6.12) presents
the mathematical model for the controller optimal for disturbing actions
with the spectrum

S, =1/(1+w??2 (1.6.13)

The parameter T is the mechanical time constant of the electric drive
and, since the time ¢ in (1.6.11), (1.6.12) is expressed in fractions of the
nominal value of the mechanical constant, the nominal value here is T' = 1.
One can check that the same value T' = 1 defines the point where the solu-
tion x1(t) as a function of T suffers discontinuity. Indeed, the characteristic
polynomial of (1.6.11), (1.6.12) is

A=1-T)XN+@A -3+ -3T)\>+ (8 -T)A+3,  (1.6.14)

and arbitrarily small deviations of T from the nominal value T = 1 give
rise to a fourth, exponentially increasing term; this term grows in value the
rapider the smaller is the difference T — 1.

For values of T" as close to T' = 1 as one likes, the growth rate of this
term may become arbitrarily high. That is why the data calculated by
the mathematical model (1.6.11), (1.6.13) for values of T" close to T' = 1
are not reliable. The solutions of (1.6.11), (1.6.12) may have nothing in
common with the actual behavior of the electric drive. This example clarifies
the difference between the variation of some differential-equation coefficient
and the variation of some parameter of a technical apparatus or physical
process. The variation of T', the mechanical time constant of the electric
drive, may give rise to simultaneous variations of several coefficients in the
system of differential equation that have different amplitudes (in (1.6.11),
the coefficients suffering variations are the coefficients at D3, D? and D);
this circumstance needs to be taken into account in calculations.
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The example of (1.6.11), (1.6.12) and many other similar examples given
by Petrov (1987, 1994), Petrov and Petrov (1999) show that the loss of con-
tinuous dependence of solutions on parameters very often occurs in systems
with the so-called noncanonic equations, i. e., with equations where the order
of the derivatives in the right-hand part is higher than in the left-hand part;
precisely such a situation is exemplified by equation (1.6.12). Noncanonic
equations and sets of such equations were examined by V. A. Steklov (1927).
In several last decades, these equations, although frequently met in applica-
tions and having many interesting properties, have been paid undeservedly
little attention.

Now, it is easy a matter to establish a simple criterion making it possible
to discriminate between well- and ill-posed problems in solving systems of
linear differential equations with constant coefficients. To do this, it suffices
to construct the “degree matrix”, i.e., the matrix whose each next element
represents the highest term of the operator polynomial of (1.5.10) and ex-
amine whether or not the highest terms in the determinant of the matrix
will cancel.

The “degree matrix” for system (1.6.2) is

(l;; jf) ; (1.6.15)

the terms with D? in the determinant of this matrix will cancel at m = 3.
With m = 3, the solution of the system is an ill-posed problem.

The “degree matrix” for system (1.6.11), (1.6.12) is

TD3 —D?2
2 _p (1.6.16)

and the terms with D* in the determinant of this matrix will cancel at the
nominal value of T, the “mechanical time constant of the electric driver,
ie,at T =1.

Thus, it is not difficult now to introduce a very simple criterion permit-
ting easy discrimination between well- and ill-posed problems in the very
important field, the solution of systems of linear differential equations with
constant coefficients (the same criterion can easily be extended so that to
cover many nonlinear problems). It is much more difficult a task to find a
criterion enabling discrimination between ill-posed and ill-conditioned prob-
lems. The smallness of the highest term in the characteristic polynomial
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of the system of differential equations suggests nothing but suspicion that
this problem may be ill-conditioned. In one of manuals, considered as an
example is the system & = Ax with the matrix

0 3.99 0 0 0 0 0
—2575 —127.4 2710 0 0 0 0
0 0 —300 4200 520.8 —-520.8 —692.7
A= 0 0 0 0 15.8 —15.8 -21
0 0 0 0 0 0 —-21.3
0 10 0 0 0 —500 0
24 0 0 0 0 0 —200

the characteristic polynomial here is

A=\ 4112710320 + 4.427)° +9.389 - 10°\* + 1.181 - 10'0)\3
+7.838 - 101 M\2 +1.326 - 1013\ + 1.84 - 104,

The first term in the polynomial is much smaller than all other terms; it
therefore can be a small difference of large numbers that changes its sign for
the opposite under small (but finite!) variations of the matrix coefficient;
yet, this suspicion needs to be verified.

1.7. CONCLUSIONS

Based on the material discussed in Chapter 1, the following conclusions can
be formulated:

1. Apart from the well-known ill-posed problems in the field of math-
ematical physics and partial differential and integral equations, there are
many simpler yet not less important ill-posed problems among algebraic
equations, differential equations, extremum problems, etc.

2. Each unforeseen encounter with an ill-posed problem may result in
crude errors in computation, thus leading to wrecks and even catastrophes.
This matter was discussed in more detail in §1.4; many other examples
and illustrative facts concerning this point can be found in (Petrov and
Petrov, 1999).

3. To avoid errors, prior to solving any problem it is recommended to
check if the problem is a well- or ill-posed one. Presently, such a check
is not always performed, the opposite being highly desirable. Of course,
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the direct check (performed by repetitive calculations with parameter varia-
tions) is too labor-consuming and cumbersome a procedure; for this reason,
simple criteria permitting easy discrimination between well- and ill-posed
problems can be of use here. For the control design problem, the simple
inequality (1.4.18), called the Petrov criterion, serves such a criterion.

For systems of linear differential equations with constant coefficients,
a simple criterion stems from the “degree matrices” that were considered
in §1.6.

Generally, operator closeness (or openness), inverse-operator finiteness
(or infiniteness), etc. can serve as such criteria.



Chapter 2.

Problems intermediate between
well- and ill-posed problems

2.1. THE THIRD CLASS
OF PROBLEMS IN MATHEMATICS, PHYSICS
AND ENGINEERING, AND ITS SIGNIFICANCE

Since 1902, when the class of ill-posed problems was discovered by Jacues
Hadamard, the famous French mathematician, over a period of the first
nine decades in the XX century all problems previously met in mathemat-
ics, physics and engineering were thought of as falling just into two classes
of problems, the well-known class of well-posed problems and the class
of ill-posed problems, the investigation into which, commenced in 1902,
were with many important contributions due to Russian scientists (see
Lavrent’ev, 1981; Ivanov, Vasin, and Tanana, 2002; Tikhonov and Ars-
enin, 1977; Verlan’ and Sizikov, 1986; Sizikov, 2001; Lavrent’ev, Romanov,
and Shishatskii, 1997; Tikhonov, Goncharsky, Stepanov, and Yagola, 1995;
Morozov, 1984; Bakushinsky and Goncharsky, 1994).

In the course of studies conducted at the Chair “Modeling of Electrome-
chanical and Computer Systems”, Faculty of Applied Mathematics and Con-
trol Processes, St.-Petersburg State University (SPbSU), a third class of
problems, namely, the class of problems alternating, during their solution,
between well- and ill-posed problems, was discovered. Such problems were
isolated in a special, third class of problems, intermediate between well- and
ill-posed ones (Petrov, 1998).
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This third class of problems is important because its existence necessi-
tates quite a different approach to the matter of discrimination between
well- and ill-posed problems. After the year 1902, when first works by
J. Hadamard were published, and up to the last decade of the XX cen-
tury, it was supposed sufficient to check just once whether a problem of
interest was a well- or ill-posed one, prior to turning to its solution. As
a matter of fact, such a check is generally insufficient because there exist
problems whose property of being well or ill posed alters under equivalent
transformations applied to them in the course of their solution. That is why,
to guarantee the reliability of calculation data, one has to perform the check
repeatedly, after each transformation used, this check, of course, being a
very labor-consuming procedure. Alternatively, equivalent transformations,
traditionally used to treat the majority of problems, must be analyzed. The
latter is just what we are going to discuss. We will see that it makes sense to
subdivide all equivalent transformations into transformations equivalent in
the classical sense and transformations equivalent in the widened sense. We
will show that only transformations equivalent in the widened sense never
alter well-posedness; such transformations can therefore be safely used to
analyze all issues related to the matter of well- or ill-posedness, including
parametric stability of control systems.

2.2, TRANSFORMATIONS EQUIVALENT
IN THE CLASSICAL SENSE

Equivalent transformations, also called equipotent transformations, are
taught at secondary schools; the theory of these transformations was accom-
plished as early as the XVIII century. Among simplest equivalent trans-
formations are the addition of one and the same number to the left- and
right-hand sides of an equation; the transposition of terms from one side of
an equation to the other side with simultaneous change of sign; the multi-
plication of all terms in an equation by a nonzero number; the substitution,
or replacement, of a term with an equivalent expression, etc.

Definition. Equivalent (equipotent) systems of equations are systems
such that their solution sets coincide (Mathematical Encyclopedia, Vol. 4, p.
800, Sovetskaya Entsiklopediya, Moscow 1984). The Mathematical Encyclo-
pedic Dictionary (1995) gives the same definition to equivalent (equipotent)
systems of equations (see p. 511).

Equivalent transformations are such transformations the initial system
and the transformed system for which are equivalent.
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It is immediately seen from this definition that equivalence or nonequiv-
alence of systems depends on the particular problem under consideration
and on the manifold on which its solutions are sought for.

For instance, if we seek the values of x which satisfy the system

3z +y=4
{x+y ’ (2.2.1)

r+y=2,

(the values of y being of no interest), then the equation 2z = 2, obtained
by subtracting the second equation from the first one, is equivalent to sys-
tem (2.2.1). Alternatively, if the values of both variables z and y that satisfy
system (2.2.1) are of interest, then the equation 2z = 2 is no longer equiva-
lent to system (2.2.1).

The equations 22 — 1 = 0 and 2% — 1 = 0 are equivalent in the real field
(either equation has the roots z; = 1 and x93 = —1) and nonequivalent in
the complex field because the equation z* — 1 = 0 has additional complex
roots x3 = j and x4 = —J.

In solving equations or systems of equations, it is necessary to observe
if the transformations used were equivalent. In many transformations, in
the transformed system there arise extra-solutions not satisfying the initial
system; in other cases, there may be a loss of solutions. Of course, such
transformations are not equivalent; yet (in contrast to obviously erroneous
transformations that make the whole set of solutions entirely different), these
transformations can be isolated in a special class of incompletely equivalent
transformations whose equivalence can be restored by omitting extra-roots
or by adding lost roots.

For instance, the equation  — 2 = 0 and the equation 2> — 3z + 2 = 0,
obtained by multiplication of the former equation by the binomial z — 1, are
of course nonequivalent: the first equation has one root, 1 = 2, whereas the
second, two roots, 1 = 2 and x5 = 1. Yet, it can be argued that after the
omission of the extra-root z=1 (and only after this omission!) the equation
22—32+2 = 0 becomes equivalent to z—2 = 0. The use of such incompletely
equivalent transformations (of course, after omission of extra-roots) can be
of help in solving many practical problems.

In addition to the simplest equivalent transformation, consider termwise
differentiation of an equation and its multiplication by a polynomial of the
differentiation operator; these operations were examined by L. Euler in the
XVIII century.

The equation

T+z=0, (2.2.2)
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with the initial condition x(0) = 0 has a single solution x = 0; this solution
can be obtained from the general solution of (2.2.2), z = Cye™t, by deter-
mining the constant C from the initial condition. Indeed, in the case under
consideration we obtain C; = 0.

Termwise differentiation of (2.2.2) yields the second-order equation
F4d=0, (2.2.3)

whose general solution,

z(t) = Cre™" + Co, (2.2.4)

contains two constants of integration; for a particular solution to be found,
two initial conditions are necessary. Another condition must be added to the
already available initial condition x(0) = 0. This second initial condition,
for instance, a condition imposed on the derivative & at ¢t = 0, is to be added,
of course, not arbitrarily, but observing a certain strict rule. This rule is
as follows: we calculate the derivative & at t = 0 from (2.2.2) and use the
value thus obtained as a second initial condition for termwise differentiated
equation (2.2.3). Since the solution of (2.2.2), x = 0, was already found, it
follows from this solution that 4:(0) = 0. With this second initial condition
added, we can find the desired particular solution of (2.2.3) from the general
solution of (2.2.3), that is, from (2.2.4): x(t) = 0; this solution coincides
with the solution of (2.2.2). Thus, with properly chosen additional initial
conditions, termwise differentiation presents an equivalent transformation.

Note that this statement is often contested by advancing objections based
on indistinct understanding of the term “general solution of a differential
equation”. They often say: “after termwise differentiation, equation (2.2.2),
transformed into equation (2.2.3), assumes another general solution, namely,
solution (2.2.4); hence, equations (2.2.2) and (2.2.3) are not equivalent”.
Yet, the term “general solution”, whose coming into use dates back to the
XVIII century, seems to be inadequate to the situation. In order to refer to
a family of solutions depending on some constants of integration, it seems
more rational to use, instead of the term “general solution”, the term “family
of solutions”. When we determine constants of integration from some initial
conditions, we obtain the desired particular solution.

It is not surprising now that, above, the family of possible solutions
has changed after the termwise differentiation; yet, with a proper choice of
additional initial conditions, the initial particular solution was restored.

As is well known, termwise differentiation is used in many integration
methods for differential equations.



Chapter 2. Problems intermediate between . .. 39

2.3. DISCOVERED PARADOXES

Despite the seeming simplicity of equivalent transformations taught at the
secondary school, in the XX century some difficulties concerning these trans-
formations were revealed; it was not soon that these difficulties got an ade-
quate explanation.

The whole story takes its beginning from the control theory and, more
specifically, from the synthesis method of control systems proposed by
A.M. Letov in the 1960-ths; this method soon became widely known as “an-
alytical design of optimal controllers” or simply “analytical design” (Letov,
1960, 1969). Note that, mathematically, a “controller” is an arbitrary re-
lation between the control action, or the control, u and some controlled
variables z;. Relations (1.4.6), (1.4.12), (1.4.22), (1.4.26) exemplify such
relations; these relations are to be subsequently embodied in technical de-
vices also called “controllers”.

A.M. Letov found that, for rather widely encountered linear control
objects mathematically modeled with systems of linear differential equations
written in the normal form

1 =anxi+ ...+ anxy, + biu,
........................ (2.3.1)

Ty = Ap1T1 + ... + GpnTn + bpu

(where z; are some controlled variables and w is the control), one can con-
struct very simple a controller of form

u=—kixy—...— kpzy, (2.3.2)

which (with properly chosen coefficients k1, ks, . .., k) is capable of ensuring
both stability of the closed system and its parametric stability, simultane-
ously minimizing some quadratic form of the controlled variables and the
control, for instance, the form

J = / (u® + c1a? + -+ + cpx?) dt. (2.3.3)
0

A. M. Letov developed a technique for calculating the amplification co-
efficients k; in (2.3.2) that minimizes quadratic form (2.3.3) for arbitrary ¢;,
and also provides for stability of the closed system. A.M. Letov called this
technique “analytical design” (Letov, 1960, 1969).

Since the minimum of quadratic forms similar to (2.3.3) often well re-
flected actual requirements to the operating quality of control objects and
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provided for acceptable transient processes, and, in addition, controllers of
form (2.3.2) were easy to implement, the “analytical design” soon became
very popular. Controller of form (2.3.2), intended for optimization of various
control objects, rapidly came into use, and many studies devoted to vari-
ous aspects of the “analytical design” were reported (more than 200 papers
published only over the period of 1960-1968).

In practical applications of the technique, an interesting paradox has
very soon emerged. In real control objects, very often not all controlled
variables x1, x9, ..., x, in (2.3.1) could be directly measured and used in con-
troller (2.3.2). The simplest and most natural way out of this situation was
elimination of non-measurable variables out of (2.3.1)—(2.3.2) with the help
of equivalent transformations. Following this elimination, only measurable
variables and their derivatives were contained in the control-object equation
(2.3.1) and in the controller equation (2.3.2). Since the transformations used
were equivalent and, on these transformations, the solutions z;(t) suffered
no changes, both stability of the closed system and its parametric stability
were expected retained. These expectations did not prove true: stability
was retained, transient processes were retained, but parametric stability of-
ten was not retained. Systems designed and constructed strictly following
all “analytical design” recommendations often failed to preserve stability
under small, inevitably occurring deviations of control-object or controller
parameters from their design values, causing accidents. The latter caused
the loss of interest to “analytical design”, which soon came to naught, the
more so that the causes for the loss of parametric stability remained obscure
for a long time (see, for instance, Nadezhdin (1973), in which the matter of
parametric stability was discussed, and also the discussion in “Avtomatika
i Telemekhanika”, the most authoritative journal in the field of control, ini-
tiated by this article). In spite of the heated debates, which, unfortunately,
had not been then, in 1973, brought to completion, all subsequent attempts
to gain a better insight into the problem and the reasons for alteration of
parametric stability on equivalent transformations remained a failure.

2.4. TRANSFORMATIONS EQUIVALENT
IN THE WIDENED SENSE

The problem of possible alteration of parametric stability upon equivalent
transformation was substantially clarified by Petrov (1987), who posed a
simple question: what, in fact, we mean by asserting that “a control system
is parametrically stable or, which is the same, the problem of stability pre-
diction for the given system presents a well-posed problem”? After all, this
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statement refers to the solutions of the system rather than to the system
itself. This statement concerns the vicinity of the system, contending that
other systems close (but not identical) to the initial system in the space of
parameters has solutions that all are stable. When we say that the solution
of the equation @ + z = 0 is parametrically stable, and the problem of sta-
bility prediction for this equation is a well-posed problem, this statement
is equivalent to the statement that all solutions of the family of equations
(1+e1)2+ (14 e2)x = 0, which, with small €1 and &3, represent a vicinity
of the equation = + x = 0, are stable. Then, provided that in the vicinity of
the original system there is at least one system whose solutions are unsta-
ble, then the original system turns out to be parametrically unstable, and
the problem of stability prediction for this system, presenting an ill-posed
problem.

It immediately follows from here that equivalent transformations, which,
by definition, do not affect the solutions of the system, by no means are
bound to preserve all properties of the vicinity of the transformed system;
hence, such transformations are not at all bound to preserve parametric
stability of the transformed system and the well-posedness of the problem
under study either. They may preserve, — and very often do preserve —
the well-posedness, but may not preserve it. This means that the examples
of non-conservation of parametric stability upon equivalent transformations
met with surprise and hot debates by engineers and researchers in 1970-ths
were, as a matter of fact, none of something extraordinary and paradoxial.
Such situations may occur.

An example is given below.

The system of two differential equations

(D3 +4D? + 5D + 2)x1 = (D? + 2D + 1)z, (2.4.1)
(D% 44D + 5)x1 = (D + 1)x2, o
where D = d/dt is the differentiation operator, describes processes in a

system devised to control the rotation frequency of a d.c. drive (x; is the
rotation frequency and xs is the control, i.e., the motor-armature current).
The characteristic polynomial of this system is

A =X\ 4524 7A+3, (2.4.2)

the roots are A\; = —3, Ao = A3 = —1, and the system is stable.
We introduce new variables x5 and x4, defined by the equalities
{333 =1 + 21 — 22,

‘ (2.4.3)
Ty = T3,
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and, as it should be, transform system (2.4.1) into the following system of
four differential equations of the first order with respect to x1, xs, o3, x4:

1 = =211 + 22 + T3,

T3 = X4,

A (2.4.4)
Ty = —T3 — 224,

0=21+4+ 22+ 223 + 24.

Here, the last differential equation is degenerate, yielding a fixed relation
between the variables x;, x9, z3, and x4. The passage from (2.4.1) to the
last equation in (2.4.4) will be considered in more detail in Section 2.5.

The characteristic polynomial of (2.4.4), polynomial (2.4.2), is the same
as the characteristic polynomial of (2.4.1); like (2.4.1), system (2.4.4) is
stable; and the families of solutions of both systems are

z1(t) = Clefgt + (Cot + Cg)eft. (2.4.5)

Systems (2.4.1) and (2.4.4) are therefore equivalent systems. Simulta-
neously, system (2.4.4) is parametrically stable, whereas system (2.4.1) is
parametrically unstable: with arbitrarily small variations of some coeffi-
cients (the coefficient at D?z5 in the right-hand side of the first equation
in (2.4.1), for instance) system (2.4.1) may lose stability.

Many other examples similar to systems (2.4.1)—(2.4.4) can be found
in Petrov (1998), Petrov and Petrov (1999). these examples suggest intro-
duction of a new mathematical notion: additionally to the previously used
classical notion of equivalent transformations that do not change the solu-
tions of transformed systems (in what follows, such transformations will be
called transformations equivalent in the classical sense), we introduce the
notion of transformations equivalent in the widened sense.

All transformations that

1) first, are equivalent in the classical sense, and

2) second, preserve the well-posedness of the problem under considera-
tion,

will be called transformations equivalent in the widened sense.

The majority of equivalent transformations are equivalent both in the
classical sense and in the widened sense; that is why the necessity in the
new notion escaped notice for a long time. Yet, examples adduced by
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Petrov (1987, 1994), Petrov and Petrov (1999) proved the existence of sim-
ple though rare transformations equivalent in the classical but not in the
widened sense.

The notion of transformations equivalent in the widened sense (Petrov,
1994) is of significance because both the traditional procedures for analyzing
stability of equations or systems of equations to parameter variations and
the advanced methods (Petrov, 2001) using, for instance, the Kharitonov
theorem (Kharitonov, 1978), are based on the examination of characteristic
polynomials of closed systems. Meanwhile, already the example of (2.4.1)
and (2.4.4), in which two systems having one and the same characteristic
polynomial differed in parametric stability provides an indication that tra-
ditional methods for investigation into stability are obviously incomplete
and by no means are capable of yielding reliable predictions. It does not
suffice just to examine the characteristic polynomial; additionally, it must
be checked which transformations were used to obtain this polynomial from
the initial equations of the system under study. If the transformations used
were classically equivalent, then there are no problems. Yet, if these trans-
formations were equivalent in the classical but not in the widened sense, then
the examination of characteristic polynomials will be of no help in avoiding
possible miscalculations, that can reason of accidents in control systems (for
more detail, see Petrov and Petrov, 1999).

The studies carried out by Petrov (1998), Petrov and Petrov (1999)
showed that negativeness of real parts of roots of the characteristic polyno-
mial of a system, negativeness of the real parts of eigenvalues of the coef-
ficient matrix (for a system written in the normal Cauchy form), and the
existence of Lyapunov function for a system under study do not give a con-
clusive answer to the question about parametric stability.

The simplest way to ensuring calculation reliability is to check whether
the transformations used in calculations were equivalent in the widened
sense. Here, however, a theory of such transformations is required, which is
still far from being fully developed.

2.5. PROBLEMS INTERMEDIATE BETWEEN
WELL- AND ILL-POSED PROBLEMS

From the existence of transformations that alter the property of a problem
to be well or ill posed (i.e., from the existence of transformations equivalent
in the classical but not in the widened sense), possible existence of problems
that cannot be classed to well- or ill-posed problems, follows. It therefore
makes sense to isolate such problems in a separate, third class of problems.
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An example is the above-considered problem of stability prediction for
the mathematical model of a d.c. drive. If the mathematical model is written
in the normal Cauchy form, then the problem of stability prediction is a well-
posed problem. Alternatively, if the mathematical model is written in the
equivalent (in the classical sense) form of (2.4.1), then the same problem is
an ill-posed one.

Numerous examples of problems belonging to the third class can be en-
countered in the cases where, in solving a problem, chains of transformations
are used.

Consider the following system of linear homogeneous equations with
some parameter \:

(1 — )\)ZL’l + xo 4+ 223 =0,
T + (1 — )\)1'2 +3z3 =0, (251)
1 +x2=0

and pose a problem similar to one of the problems treated in Chapter 1:
it is required to find the eigenvalues A, i.e., the values of A for which sys-
tem (2.5.1) has nonzero solutions x1, x2, x3.

Note that the parameter A does not enter the third equation in (2.5.1).
Such systems, i. e., systems whose one or several equations do not contain A,
are often met in mechanics. The equations that do not contain A refer to
holonomic (i. e., not containing derivatives) constraints between variables.

As it was argued in Chapter 1, the eigenvalues coincide with the roots
of the determinant of (2.5.1):

A= 1 1-X 3| (2.5.2)
1 1 0

Calculation of (2.5.2) by expanding this determinant by the last-row
minors yields A = —5); hence, system (2.5.1) has a single eigenvalue A\; = 0.

The eigenvalue problem for (2.5.1) is a well-posed problem. This state-
ment can be proved, in a most simple yet rather cumbersome way, by com-
posing the varied determinant A, in which to each of the nonzero coefficients
of (2.5.1), its variation is added. With the coefficient variations, determi-
nant (2.5.2) becomes

l+e;—(14e2)A 1+4e3 2(1 +¢e4)

Av = 1+4+¢5 1464 — (1 + 87))\ 3(1 + Eg) . (253)
1+ &9 1+e¢10 0
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Calculation of (2.5.3) by expanding this determinant by the last-row
minors yields (after omission of the small products e;¢;)

A, =¢e3+e5—¢€1 —€6+ (5 +e9+2e4+e7+6e9+ 610)/\. (2.5.4)

From here, we find the eigenvalue

. €1 —€3 —E5 T €6
5469+ 284 +e7+e9+€10

A1 (2.5.5)
We see that, with small €;, the eigenvalue changes weakly, and the eigenvalue
problem is a well-posed problem.

Yet, as it is well known, the minor expansion of determinants is normally
used to calculate determinants of order not higher than four-five since, with
increase in the determinant order, the volume of calculations sharply in-
creases. For this reason, for systems of linear homogeneous equations with
a large number of equations, it has become common practice to reduce the
total number of equations by elimination of variables. Let us illustrate this
process with the example of the simple system (2.5.1). For the variable x
to be eliminated, we first take the first and second equations in (2.5.1), mul-
tiply these equations respectively by —1 and 1 — A, and add them together.
The terms with z; cancel, yielding the equation

(A2 —2\)z2 + (1 —3\)z3 =0 (2.5.6)

that contains only z3 and z3. Then, we take the second and the third
equations of the system, multiply the second equation by —1 and add the
resulting equation to the third equation. Again, the terms with x; cancel,
and we obtain the equation

)\CCQ - 3563 =0 (257)

that contains only x2 and x3. On the whole, on elimination of 1 we obtain

a system of two equations, (2.5.6) and (2.5.7), for two variables, whose

determinant,

A2 -2\ 1-3)\
A -3

A= =5, (2.5.8)

has depressed order compared to that of (2.5.1), but, like determinant
(2.5.2), has the same unique root A\; = 0.

System (2.5.6)—(2.5.7) is equivalent to system (2.5.1) in the classical sense
with respect to the eigenvalue problem and has the same eigenvalue A\; =0
as system (2.5.1) does.
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Yet, the eigenvalue problem for system (2.5.6), (2.5.7) is an ill-posed
problem. System (2.5.6), (2.5.7) has been already dealt with in Chapter 1
(see system (1.5.3) with determinant (1.5.7)); then, we saw that if, for in-
stance, the coefficient at z3 in (2.5.7) will change by an arbitrarily small
value to become —3(1 + ¢), then system (2.5.6), (2.5.7) will happen to have
two eigenvalues, Ay = 0, Ao = 2+5/(3¢), and the second eigenvalue will dif-
fer significantly from the first one even with an arbitrarily small €, vanishing
only at € = 0.

Thus, with respect to the eigenvalue problem, system (2.5.6), (2.5.7) is
equivalent to system (2.5.1) in the classical sense and nonequivalent to it in
the widened sense.

Such systems, equivalent in the classical but not in the widened sense are
often encountered on elimination of variables out of systems of linear homo-
geneous equations with a parameter, in solution of eigenvalue problems for
parameters, and in calculation of frequencies of small-amplitude oscillations
of various mechanical and electrical systems.

Consider now practical effects from this situation. If all coefficients of a
system are small integer numbers (like in the case of system (2.5.1)), then
ill-posedness of the problem for the system is of no danger, provided that
the order of this system is not too high. Yet, repeated multiplications of
coefficients, necessary for elimination of variables, lead to accumulation of
roundoff errors. Indeed, if a computer performs calculations accurate to
eight digits and coefficients have eight significant digits, then multiplication
of two such coefficients will yield a number with sixteen significant digits.
On rounding to eight significant digits, an inevitable error occurs. As a
result, already during the calculations the new coefficients acquire some
variations g; independent of errors in setting the initial coefficients. If the
transformed system (say, after elimination of x7) is an ill-posed one, then
even arbitrarily small errors may cause incorrect results.

For instance, in solving the eigenvalue problem for a system analogous to
system (2.5.1) but with coefficients in the form of decimal fractions with the
use of the whole digit capacity of the computer, when the eigenvalues are
calculated by sequential elimination of variables starting from x;, we may
happen to obtain a false second eigenvalue whose magnitude will depend on
the roundoff error.

Analogous false eigenvalues may also arise in the case of more complex
systems; e. g., if, in the course of transformations of a particular mathemati-
cal model, transformations equivalent in the classical but not in the widened
sense were used.
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Thus, yet another possible reason for miscalculations is unveiled, namely,
the alteration of well-posedness of a problem on transformations used in
treating the problem. With the reason known and adequately understood,
the correct result can be obtained. What is dangerous is ignorance, or an
unexpected encounter with an erroneous result the reasons for which remain
obscure. That is why at least brief information concerning the existence of
the third class of problems in mathematics, physics and engineering, i. e., the
existence of problems intermediate between well- and ill-posed ones, must
be included in curricula. A more detailed consideration of these points is
given by Petrov and Petrov (1999).

The aforesaid shows that one can judge well- or ill-posedness of a prob-
lem, considering the following triad:

1. Mathematical model.
2. Problem posed.
3. Solution method used to solve the problem.

One and the same problem for a mathematical model, or for a system
of equations, may be well posed, whereas for another model, ill posed. This
is rather clear. It is less obvious that for one and the same mathematical
model, for one and the same problem considered in this model, one solution
method may make the problem well posed, whereas another method may
lead to ill-posedness.

An example is as follows: for system (2.5.1), finding eigenvalues through
calculation of determinant (2.5.2) by minor expansion presents a well-posed
problem, whereas the same problem using sequential elimination of variables
is an ill-posed one.

That is why, when investigating into well- or ill-posedness, it is more
adequate to consider the whole triad instead of just the problem of interest
taken alone.

As mentioned above, there exist transformations equivalent in the
widened sense and transformations equivalent in the classical but not in
the widened sense, i. e., transformations that do not change the solutions of
the transformed system, but alter correctness of a problem.

How do we discriminate between such transformations? The discrimi-
nation should be made considering triads. With transformations considered
alone, it is hardly possible to find transformations that always, in all triads,
will be equivalent in the widened sense. Even most simple transformations
may alter correctness of a problem.
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An example is as follows: we have already transformed the second equa-
tion in (2.4.1) to new variables x1, z2, x3, x4, where the variables 3 and x4
are defined by (2.4.3). Consider this transformation in more detail. Be-
low, we will use only transformations of two types, namely, transpositions
of terms from the left-hand side of an equation to its right-hand side with
simultaneous change of sign and partition of terms (when, for instance, in-
stead of 4Dz we write 2Dx1 +2Dx;). On such transformations, the second
equation in (2.4.1) becomes

[(D? 4 2D)zy — Do + [(2D + 4)z1 — 222] + 22 + 21 = 0.

Now, with (2.4.3), in the first square bracket we recognize the vari-
able x4, in the second bracket the term 2x3, and the whole second equation
in (2.4.1) transforms into the last equation of (2.4.4). Yet, we saw that the
transformation of (2.4.1) into (2.4.4) alters correctness. Thus, even simple
transposition of terms from the left-hand side of an equation to its right-
hand side with simultaneous change of sign may prove equivalent in the
classical sense but not in the widened sense. Everything depends on the
properties of a particular triad.

The properties of transformations equivalent in the widened sense are
more complex than the simple properties, and rules, of classically equivalent
transformations widely taught in the secondary school.

If some transformation (for instance, multiplication of all terms by a
nonzero number) is equivalent in the classical sense, then this transformation
will be equivalent always, in all problems, and for all equations. One and
the same transformation can be equivalent in the widened sense for one
system and not equivalent for another system. Equivalence in the widened
sense can be established considering the already mentioned triad, namely,
1) the mathematical model; 2) the problem under consideration; and 3) the
method used to solve the problem.

Statements about equivalence in the widened sense can only sound like
the following statement: for such and such problem and such and such
mathematical model such and such transformation is (or is not) equivalent
in the widened sense. Examples will be given below.

2.6. APPLICATIONS TO CONTROL SYSTEMS
AND SOME OTHER OBJECTS
DESCRIBED BY DIFFERENTIAL EQUATIONS

Unveiling of the discussed differences between transformations equivalent
in the classical sense and transformations equivalent in the widened sense
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allows a more adequate approach to the matter of analyzing parametric
stability of systems of differential equations, to that of estimating stabil-
ity margins in variation of parameters, and to other points that arise in
the control theory. Finally, making distinction between the two types of
transformations allows one to avoid significant errors in calculations.

Example. It is well known (see, for instance, Petrov, 1987) that the
equations governing one of the numerous control objects, a d.c. drive of an
actuating mechanism with the spectrum of drag-torque oscillations of form

S, =1/(1+w?? (2.6.1)

can be written as the following system of differential equations:

T = —2x1 + 29 + x3,
.fg = T4, (2.6.2)
T4 = —x3 — 214,

where x1 is the deviation of the rotation frequency from its nominal value,
x9 is the control (deviation of the motor-armature current from its design
value), x3 is the deviation of the drag torque from its rated value, and x4
is the derivative of the latter deviation; the independent variable is the
time ¢. The last two equations in (2.6.2) are the equations of the so-called
“shaping filter” that cuts off, out of the “white noise”, the disturbing-action
spectrum (2.6.1). On the whole, equations (2.6.2) coincide with the already
considered first three equations in (2.4.4).
Provided that the control action is shaped, as a function of 1, x3, and x4,
by the law
Tro9 = —T1 — 2:133 — X4, (2.6.3)

with applied feedback (2.6.3) then the block diagram of the control system
will look as in Figure 2.1.

If the variables x3 and x4, as it is often the case, cannot be directly mea-
sured, then they can be eliminated out of (2.6.3) with the help of classically
equivalent transformations. On the elimination, equation (2.6.3) acquires
the form

(D? +4D +5)x1 = (D + 1)5. (2.6.4)

Consider now the block diagram of the control system in which the con-
trol action is shaped according to equation (2.6.4), based on measurements
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—>| 3=,

Ty =—T3— 2T,

Figure 2.1. Block diagram of control object (2.6.2) with applied
feedback (2.6.3)

Y

L3 =Ty

D?24+4D+5 Ly
D+1

A

Figure 2.2. Block diagram of control object (2.6.2) with applied
feedback (2.6.4)

of one variable, z1, but the transient processes (solutions z(t), z2(t), x3(t),
and x4(t)) remain unchanged. The new block diagram is shown in Figure 2.2.

A fleeting glance cast at the block diagrams of Figures 2.1 and 2.2 re-
veals at once that systems (2.6.2), (2.6.3) and (2.6.2)—(2.6.4) are not iden-
tical. These systems are equivalent in the classical sense; yet, they are not
identical (this fact is immediately evident from Figures 2.1 and 2.2) and
not equivalent in the widened sense. They have the same solutions but,
simultaneously, possess different parametric stability. It is the introduction
of the new mathematical notion, that of equivalence in the widened sense,
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that explains why on transformations equivalent in the classical but not in
the widenee sense, some subtle yet important properties of control systems,
such as parametric stability, suffer alteration.

That is why, when examining such properties, one cannot use, without
additional checks, traditional calculation algorithms and habitual equivalent
transformations of equations. Additionally, it is necessary to check that the
transformations used were not only classically equivalent but also equivalent
in the widened sense (or, in other words, to check correctness after each
transformation). Using traditional methods without performing such checks
leads to serious miscalculations that, as was mentioned above, may cause
unexpected accidents in control systems (Petrov and Petrov, 1999).

Whether the calculation results will be erroneous or not, depends on
which of available mathematical models equivalent to each other in the clas-
sical sense better reflects properties of the actual object. If the real relations
between the control and the controlled variables in the electric-drive con-
trol system are more adequately described by system (2.6.2)—(2.6.4), then
calculations by system (2.6.2), (2.6.3) will yield improper results concern-
ing parametric stability of the real control system, although both systems,
(2.6.2), (2.6.3) and (2.6.2)—(2.6.4), are equivalent in the classical sense, and
either of them can be used to analyze stability (not parametric stability but
just stability according to Lyapunov).

Note one more circumstance that often causes misunderstanding: when
we perform an equivalent transformation of some system of equations, we
arrive at a new system with some new coefficients. For instance, elimination
of xo out of the system

a11x1 + aiawe = by,

a2121 + agx2 = ba,

yields the equation ((112&21 — a11a22)l‘1 = a19by — ag9b1. Instead of the four
coefficients in the initial system, we now have just two coefficients remained.

Is the addition of arbitrarily small variations to the coefficients in the
transformed system and subsequent examination of the impact of these vari-
ations on the solution capable of yielding the right answer to the question
about the influence of coefficient variations in the initial system on the so-
lutions?

The answer is easy to obtain: the coefficients in the transformed system
are functions of the coefficients of the initial system; for instance, the first co-
efficient in the transformed system, a1, is a certain function k1 (a11, a2, ... )
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of the coefficients of the initial system, i.e., aiy = ki(a11,a12,...); analo-
gously, agt = ka(aii,ai2,...), etc. Here, two cases are possible: at the
nominal values of the coeflicients in the initial system these functions

1) are continuous,

2) have discontinuity.

In the first case, to arbitrarily small variations of coefficients in the trans-
formed system, equally small variations of coefficients in the starting system
correspond. For this reason, the check of stability can be performed con-
sidering any of the two systems, — of course, if the transformations used
were equivalent in the widened sense. Otherwise, as we already showed,
miscalculations are possible.

In the second case, to arbitrarily small variations of the coefficients of
the initial system, finite, and even large, changes of coefficients in the trans-
formed system may correspond. Here, one immediately sees that the prob-
lem for the initial system was an ill-posed problem.

Example. The system of equations

Ty = —&p — X2,
To = —max1 + et
with the parameter m and the zero initial conditions z;(0) = 21(0) =

22(0) = #2(0) = 0 can be transformed, on introduction of a new variable
r3 = &1, to the normal Cauchy form:

T = r3,

. m 1 4

x2:1_mx2+1_me ;
. 1 1 —t
xS:_l—me_l—me

It is seen that at m = 1 the continuous dependence of the solution on
the parameter is lost. This means that in the initial system with m = 1
there is no continuous dependence of solutions on m either.

This is a simple case that is easy to identify. Previously, more “tricky”
examples were considered, when in a system reduced to the normal Cauchy
form the solutions continuously depended on a parameter, whereas in the
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initial (non-transformed) system there was no continuous dependence of
solutions on the parameter.

The introduction of the notion of transformations equivalent in the
widened sense closes the discussion about admissibility of reduction of iden-
tical multipliers in transfer functions of control systems. Let, for instance,
the transfer function be

_ s+1 _

U= GTDG+2) z, (2.6.5)
where the symbol s denotes the Laplace transform. Is reduction by s+ 1
admissible? On the one hand, this reduction is an equivalent transformation,
it does not change the solutions u(t) and facilitates computations. On the
other hand, the use of such reductions in analyzing preservation of stability
against parameter variations sometimes led to erroneous results. It was
speculated that such reductions in transfer functions, although facilitating
calculations, were inadmissible.

After the notion of transformations equivalent in the widened sense was
introduced, everything has become clear: a reduction of the numerator and
the denominator in the expression for the transfer function by equal multi-
pliers is a transformation equivalent in the classical sense but by no means
necessarily equivalent in the widened sense. If we are interested just in the
calculation of the solution, i.e., in the calculation of the function w(t) for
nominal values of coefficients, then such a reduction is admissible and simpli-
fies calculations. If, alternatively, we are interested in parametric stability,
then such a reduction may prove inadmissible.

The same applies to any objects modeled with systems of ordinary dif-
ferential equations of various orders. Provided that we are interested only
in the solutions at nominal values of coefficients, we may use classically
equivalent transformations and bring the systems of equations under study
to the normal Cauchy form since this transformation makes it possible to
use standard software, composed so that to treat systems written in the
normal form. If, alternatively, we want to trace how small errors in experi-
mentally determined coefficients affect the behavior of solutions, then, here,
the use of transformations equivalent in the classical but not in the widened
sense may yield incorrect results. For instance, in system (2.6.2)—(2.6.4),
upon arbitrarily small deviations of the coefficients at D?z; and Dxy from
their nominal values, the behavior of the solutions will display significant
changes, whereas in system (2.6.2), (2.6.3), written in the normal form and
classically equivalent to system (2.6.2)—(2.6.4), small deviations of any of
the coefficients from its nominal values weakly affect the solutions.
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In order to avoid errors, the study of the dependence of solutions on
almost inevitably occurring errors in setting coefficients must be performed
using the initial (starting) model obtained directly from the physical and
mathematical laws; if, for the sake of convenience, transformations were
used to simplify the mathematical model, it is necessary to observe that
the transformations were equivalent not only in the classical but also in the
widened sense.

For instance, if we write the system whose block diagram is shown in
Figure 2.2 and whose initial equations are equations (2.6.2)—(2.6.4) in the
normal form, namely in the form of equations (2.6.2)—(2.6.3), then the cal-
culation results — because of errors in set coefficients — may be erroneous.
In calculations by the normal form, system (2.6.3), (2.6.4) is parametrically
stable, but, in fact, parametric stability is lacking.

Note now the importance of making distinction between ill-posed and
ill-conditioned problems. Recall that ill-posed problems are problems in
which finite, and even large, changes of solutions result from arbitrarily
small variations of coefficients, parameters, initial or boundary conditions,
whereas ill-conditioned problems are problems in which finite (and often
large) changes of solutions result from small but finite changes of coefficients,
parameters, etc. The definition of “ill-conditioned” problems is somewhat
obscure since the question of which precisely variations of coefficients and
solutions should be regarded “small” and which “substantial” and “large”
depends on specific features of the particular problem, on the measurement
accuracy provided by particular measuring devices, on the requirements to
the precision in obtaining the solutions, etc.

In contrast, ill-posed problems admit a strict definition (see Chapter 1);
they are easier to identify compared to ill-conditioned problems.

An example is the system that consists of equation (2.6.4) and the equa-
tion
(D3 +4D? + 5D + 2)xy = (kD* 4+ 2D + 1) 5. (2.6.6)

With k = 1, calculation of solutions of system (2.6.4)—(2.6.6) and check for
its stability are ill-posed problems: on an arbitrarily small deviation of k
from unity, i.e., from k = 1, the solutions z(t) and x2(t) for any ¢t > 0
may be changed by any large values; with k£ = 1, system (2.6.4)—(2.6.6) is
asymptotically stable, whereas with k = 1+ ¢ it loses stability already at an
arbitrarily small ¢ provided that ¢ < 0.

Yet, all these troubles can be foreseen since on elimination of, say, the
variable zo out of system (2.6.4)—(2.6.6) this system transforms into the
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equation
[(k —1)D* + (4k — 3)D?® + 5kD? + 7D + 3]z; = 0 (2.6.7)

that reduces the order at k = 1. This reduction gives a signal about possible
ill-posedness of both the problem of finding solutions and the problem of
checking stability of these solutions at k = 1.

Consider now the same system (2.6.4)—(2.6.6) at k = 1.001. On elimi-
nation of xs9, the system transforms, as it should be, into the fourth-order
equation

(0.001D* + 1.004D? + 5.005D? + 7D + 3)z; = 0. (2.6.8)

This equation shows no depression; hence, there is no “alarm signal”
either. Indeed, system (2.6.4)—(2.6.6) at k = 1.001 is both stable and para-
metrically stable. The problem of checking stability of system (2.6.4)—(2.6.6)
at £k = 1.001 is a well-posed problem: on an arbitrarily small deviation of k
from k = 1.001, the solutions of (2.6.4)—(2.6.6) will change by arbitrarily
small values and remain stable. Yet, the stability margins with respect to
variation of k in system (2.6.4)—(2.6.6) with £ = 1.001 are very narrow: with
the value of k having changed only by 0.11 %, system (2.6.4)—(2.6.6) loses
stability. Since, normally, it is hard to guarantee beforehand that in the
course of exploitation of the control system the variations of k will never
happen to exceed 0.11%, then, from the practical point of view, system
(2.6.4)—(2.6.6) at k = 1.001 should be regarded as parametrically unsta-
ble or, more precisely, having inadmissibly narrow stability margins with
respect to variations of k. Simultaneously, in this case there will be no
warning alarm in the form of depression of the equation after elimination
of x9 or x1. Moreover, calculating the roots of the characteristic polynomial
of (2.6.4)-(2.6.6) at k = 1.001, we obtain that these roots (found accurate
to the first significant digit) are \y = —3, Ay = A3 = —1, and \y = —1000.
We see that all roots of the characteristic polynomial fall in the left complex
half-plane and lie there far to the left from the imaginary axis; that is why,
according to traditional checking methods, system (2.6.4)—(2.6.6) would be
recognized stable at £ = 1.001 and displaying broad stability margins. In
fact, this is not the case, but the traditional examination of the charac-
teristic polynomial gives no alarm signal. This is related to that fact that
system (2.6.4)—(2.6.6) is not an ill-posed one at k = 1.001, being instead
an ill-conditioned problem. Yet, such systems are more difficult to examine
and test compared to ill-posed systems; hence, other methods are to be used
here to investigate into their stability.
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At the same time, isolation of ill-posed problems is also expedient in
solving ill-conditioned problems. If at some particular values of coefficients
or parameters a problem was found to be ill posed, then at coefficients and
parameters close to the critical values the problem very often turns out ill-
conditioned. The closeness to ill-posed problems enables identification of
ill-conditioned problems.

2.7. APPLICATIONS TO PRACTICAL COMPUTATIONS

Making distinction between transformations equivalent in the classical sense
and transformations equivalent in the widened sense makes it possible to un-
veil one of possible reasons for miscalculations. This reason consists in that,
as we perform transformations of an initial model, we may unconsciously
replace the initially well-posed model with an ill-posed one, and then any
arbitrarily small roundoff error in calculations will lead to an erroneous re-
sult.

Consider the generalized eigenvalue problem for matrices and, by way of
example, the system

(a11 = N)z1 4+ a9z 4+ oo + aipxy =0,

a1y + (a2 = AN)Ta+ o ovviii + aspx, =0,
........................... (2.7.1)

Ap—-1,1%1 4 .. ... + (an—1,n-1 — N)Tp—1 + an—1n2n =0,

Ap1®1 F ApaTo + oo + appnTn =0,

i.e., a system of linear homogeneous equations with some parameter A in
which all equations, except for the last one, contain A. It is required to find
the values of A at which system (2.7.1) has nonzero solutions.

Systems analogous to system (2.7.1), with various numbers of equations
not containing A are encountered in problems on finding the natural oscil-
lation frequencies of various mechanical and electromechanical systems, in
control problems, etc. (The equations that do not contain A reflect holo-
nomic constraints; such constraints are often met in practice).

Suppose that we are going to calculate the eigenvalues using sequential
elimination of variables out of system (2.7.1) by termwise multiplications and
additions (note that, as a matter of fact, many methods yielding eigenvalues
are known; we do not compare the various methods and their advantages
and disadvantages; instead, we focus on specific features that may be met
when using one of the available methods).
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On elimination of n — 2 variables, prior to proceeding with the final
elimination step, we arrive at a system of two equations:

Arxp—1 + Asx, =0,

(2.7.2)
Azzp_1 + Az, =0,

where Ay, ..., A4 are polynomials of A. Based on the Kramer formulas, we
readily establish that these polynomials are given by the following determi-
nants of the n — 1 order:

aj] — AL a1 n—1
A= ... , (2.7.3)
Ap-1,1 -+ Op—1p—1—A
all — AL QA1n
Ay =1 ... cee | (2.7.4)
p—-1,1  --- GOp—1n
azr ... a2.n—1
an1 e an’n,1
a1 .o a2,
Ay=1|... ... .| (2.7.6)
[079% B Apn

Above, the first determinant is made up by the coefficients standing in
the first n — 1 equations of system (2.7.1) at its first n — 1 variables from x;
to £p—1. Determinant (2.7.4) is determinant (2.7.3) in which the last column
is substituted with the column of the coefficients standing in (2.7.1) at the
variable x,,.

In a similar manner, determinant (2.7.5) is made up by the coefficients
standing in system (2.7.1) starting from its second row, at the variables
from x5 to x,,—1, and determinant (2.7.6) differs from determinant (2.7.5) in
that the last column in it is replaced with the column of the coefficients at
the variable x,,.

It is seen from system (2.7.2) that the eigenvalues of (2.7.1) are contained
among the roots of the polynomial

A= A Ay — Ay As. (2.7.7)
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We decompose determinants (2.7.3)—(2.7.6) by minors; then, it is easy
to write out the terms with higher degrees of A. We have:
(—=n)n=ixn=t g
(1) 2ap_1 A" 2+ ...,

(-

Az = 1;" Zam A" 4L (2.7.8)
Ag = (=1)""*(an-1,n0n1 — Gn1n@nn) A" "2+ ...

On substitution of polynomials (2.7.8) into (2.7.7), we obtain

A= —an_lvnann)\%_A‘ + (@n—1,nan1 — cz7l_17,lcznl))\27‘_4 +..., (2.7.9)

where the dots denote lower-degree terms.

To further proceed with the consideration, we retain the most interesting
case of ap—1n0nn, = 0, i.e., the case in which one of the coefficients a,—1,
and a,,, or both of these coefficients, are zero. Because of rounoff errors, the
products a,—1,nan,1 may differ from one another (indeed, the first of these
products has come into polynomial (2.7.9) from the polynomials As and As,
and the second, from the polynomial A,), the roundoff errors may have
different impacts on these products and therefore the difference between the
products may be not zero but a small number £ dependent on unpredicteable
roundoff errors. This means that the eigenvalue problem for system (2.7.1)
at any n > 2 may prove ill posed: with arbitrarily small roundoff errors,
among the eigenvalues there may be a large extra-value, of order 1/e, whose
sign will be unpredictable. There will be no such extra-value only if € is zero
exactly, e = 0.

Note that, in this case, provided that all calculations are absolutely
accurate, the measurement errors or variations of initial coefficients in (2.7.1)
will not affect the eigenvalues.

Indeed, if the coefficient a,_1, acquires some variation €1, and the co-
efficient a,1, some variation €9, but there are no roundoff errors, then the
difference a1, (1 + €1)an1(1 + €2) — an—10(1 +€1)an1(1 + €2) in (2.7.9)
will remain zero irrespective of €1 and €2. Here, the reason for the loss of
well-posedness are roundoff errors.

Note that the classical eigenvalue problem for the matrix is now reduced
to such a system of form (2.7.1), in which the parameter A enters all the
equations of the system, i.e., system (2.7.1) transforms into

(a11 = N)z1 4+ oeenn + aipxy, = 0,
........................... (2.7.10)
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On passing from (2.7.1) to (2.7.10), the polynomials A, Ag, and As
retain their values, whereas the polynomial A4 becomes

A4 = (—1)”_1an,171)\"_2 + ...,

As a result, we obtain A = an_17n)\2”_3 ..., where dots stand for lower-
degree terms; for this reason, small roundoff errors will no longer result
in a loss of well-posedness. In manual calculations it is more convenient
to start calculating eigenvalues from the equations that do not contain A
and, using them, eliminate part of variables; on the elimination, we arrive
at the classical eigenvalue problem for a system with a lesser number of
equations but, now, the parameter A will enter each of the equations and,
hence, subsequent eliminations of variables will not alter well-posedness.

In computations performed on programmable computing facilities, of
primary significance is program unification; as a result, in a system similar
to system (2.7.1) the computer may start eliminating the variables in the
order of subscripts and, hence, it may happen to encounter a loss of well-
posedness, the phenomenon not met in the epoch of manual calculus.

This circumstance points to the necessity of thorough inspection of
computational algorithms when switching to computer-assisted calculations.
Subtle things insignificant in manual calculations may give rise to serious
errors in computer-assisted calculations.

Turning back to the problem of making distinction between transfor-
mations equivalent in the classical sense and transformations equivalent in
the widened sense, we may say that classically equivalent transformations
(termwise multiplications and additions, for instance) used in sequential
elimination of variables in classical eigenvalue problems for matrices are
also equivalent in the widened sense. The same transformations used in se-
quential elimination of variables in other mathematical models, for instance,
in the generalized eigenvalue problem (in which some of equations do not
contain \) will no longer be equivalent in the widened sense; such trans-
formations therefore may alter the well-posedness of the particular problem
under consideration.

This once again underlines that, in an analysis of correctness and its
possible alteration in the course of solution, a triad, i.e., the problem under
consideration, the mathematical model, and the solution method, must be
considered.

The problems that arise in various variants of the generalized eigenvalue
problem were considered in more detail by Petrov and Petrov (1999). In the
same monograph, the method of “degree matrices” is considered that makes
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it possible to identify third-class problems, i.e., problems whose correctness
can be altered by transformations used to solve them.

If the reason for the alteration of correctness is known, it is not difficult
to overcome it and avoid errors. What is dangerous is ignorance, or unex-
pected encounter with the unknown phenomenon. The following possibility
must be therefore taken into account: in the course of sequential classically
equivalent transformations of a mathematical model used in calculations,
the correctness of the problem may alter. This being the case, even very
small a roundoff error may lead to erroneous results.

Consider one more example that refers to calculation of functions with
known Laplace transform (representation, image). Given the representation

- s+b

ﬂﬁzG:aGIa, (2.7.11)

it is required to calculate the original, i.e., the function f(t). According to
the well-known operational-calculus recommendations, we decompose rep-
resentation (2.7.11) into simple fractions:

s+b A B As+ Ab+ Bs+ Ba

(s+a)(s+b)_s+a+s+b_ (s+a)(s+0b)

(2.7.12)

The numerators here should be identical, and this gives us two equations
from which two unknown numbers A and B can be found:

A+B=1,

(2.7.13)
Ab+ Ba = b.

From these equations, we readily obtain that B =0 and A = 1. Hence,

f@%=8ia, ft)=e" (2.7.14)

The calculations can be facilitated by reducing both the numerator and
the denominator in (2.7.11) by s + b (or, which is the same, by multiplying
both of them by the nonzero number 1/(s+0b)). This readily yields (2.7.14).
The decomposition into simple fractions (2.7.12) has once again confirmed
that the reduction of both the numerator and the denominator in the Laplace
representation by equal multipliers is a transformation equivalent in the
classical sense. Is this transformation equivalent in the widened sense? Prior
to answering this question, let us refine the meaning of the statement “both
the numerator and the denominator of (2.7.11) contain equal multipliers
s 4+ b0”. The numbers b entering these multipliers were obtained (in the
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final analysis) from an experiment or from a measurement, and only several
first decimal digits of b are known with absolute confidence. Let the value
of b be measured with a good measuring instrument accurate to the fifth
decimal digit, and let all four decimal digits both in the numerator and in
the denominator be identical. Despite the fact that all the four digits are
identical, we can only state that representation (2.7.11) is equal to

N s+ by+ e
1s) = (s+a)(s+bo+ea)

(2.7.15)

where €1 and €2 are some unknown numbers as to which we only know that
le1/bo] < 107* and |e2/bg| < 10~%. Decomposing representation (2.7.15)
into simple fractions

b A B
stbhotea + (2.7.16)
(s+a)(s+bo+e1) s+a s+by+er

and calculating A and B with allowance for the unknowns €1 and €9, we see
that

bo — € €2 — €

q_n—a + &1 B 2 1

— - - 2.7.17
bo—a+eg’ bo —a+e’ ( )

i.e., as a matter of fact, the number B is not necessarily zero and the true
original f1(t) may be not f(t) = e~% but
_ €2 —€&€1 _ €2 —¢&1 -
ty=e 4 2 "1 gty =2 "l o—(botea)t 2.7.18
fl() ¢ +bo—a+€26 +bo—a+826 ( )
Let, for instance, a = 1, by = —2, and |ez —e1| < 1075; then, at t = 1 the
function f(t) and f(¢) will differ within 1075, but already with ¢ = 20 the
functions fi(¢t) and f(t) may happen to differ by many times. If, alterna-
tively, @ > 0 and b > 0, then the difference between fi(¢) and f(¢) remains
small for all values of ¢.

The reduction of the numerator and denominator of Laplace representa-
tions gives an example of a transformation equivalent in the classical but not
in the widened sense. Reduction by equal multipliers in representations is
often used to facilitate calculations; this transformation, however, may lead
to erroneous results. Guides on control theory abound in warnings that care
must be taken in performing reduction of identical multipliers in Laplace
transformations of transfer functions. Again, we see that these warnings are
quite rational, and now we are fully aware of the true reason for them.
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2.8. CONCLUSIONS FROM CHAPTERS 1 AND 2

In Chapters 1 and 2, we considered some of ill-posed problems that often
fall beyond the field of attention of researchers. Very often researchers deal
with much more complex ill-posed problems that require solution of par-
tial differential equations, integral equations, etc. The complexity of such
problems often hampers unveiling and identification of fundamental points.

In Chapters 1 and 2, we saw that many simpler ill-posed problems arise
in diverse fields of applications and, to avoid errors, an engineer must be
familiar at least with the simplest properties of ill-posed problems and ap-
proaches to their solution.

It is important that ill-posed problems present a particular, limiting case
of a certain broader but less distinctly defined class of ill-conditioned prob-
lems, problems in which substantial solution changes originate from small
(but finite) variations of coefficients, parameters, initial or boundary condi-
tions, etc. In Chapters 1 and 2, we saw that (in contrast to ill-conditioned
problems) rather simple identification means can be proposed for ill-posed
problems, and this circumstance greatly facilitates solution of these prob-
lems. Around ill-posed problems, ill-conditioned problems, more difficult to
identify, lie. After isolation of ill-posed problems, ill-conditioned problems
are simpler to handle.

Another distinctive feature of our approach to the matter under dis-
cussion is isolation, in the special, third class, of problems that cannot be
classed to well- or to ill-posed problems since such problems may suffer al-
teration of their correctness under equivalent transformations used to treat
them.

Of most significance for all researchers and engineers performing calcu-
lations is the recent discovery of systems of differential equations showing
no continuous dependence of their solutions on coefficients and parameters.
Until recently, the majority of engineers and scientific workers, when using
solutions of differential equations in their calculations, took no care to ob-
serve if the solutions were correct, converting the equations to the normal
Cauchy form in order to subsequently use standard computer programs and
believing that reliability of such calculations was guaranteed by the theorem
about continuous dependence of solutions on parameters. Now we see that
this may be not the case and there are situations where the use of traditional
research and calculation methods results in miscalculations leading to seri-
ous accidents. In order to avoid errors, simple additional checks described
in Chapter 2 (and, in more detail, in the third edition of the monograph by
Petrov and Petrov (1999)) must be applied.
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Chapter 2 shows that the assignment of certain problems to the third
class of mathematical, physical and engineering problems and the investiga-
tion into this class of problems makes it possible to avoid serious miscalcu-
lations.

Special cases, i. e., special systems of differential equations application of
ordinary, traditional solution methods to which may result in serious mis-
calculations, are encountered not very frequently; that is why the existence
of such cases has escaped notice until recently.

Yet, every unexpected encounter with such special systems may result
in miscalculations and serious accidents in control systems (which was many
times the case, see Petrov and Petrov (1999), pp. 21-23, 107-108). That is
why such cases and such systems must be paid very concentrated attention,
the more so that such special systems are rather easy to identify.

The same applies to many computations and computational algorithms
that use chains of equivalent transformations. Here again, an unexpected
encounter with problems belonging to the third class of problems, problems
intermediate between well- and ill-posed ones, may result (and do result!) in
serious miscalculations and accidents. The examples were presented above.
That is why the third-class problems must be paid very concentrated atten-
tion.

Finally, we would like to note that the investigation into third-class
problems, the investigation into transformations of mathematical models
equivalent not only in the classical but also in the widened sense, and the
investigation into transformations that alter correctness of posed problems,
— all these investigations are still at their initial stage and, in this research
field, much is still to be done.



Chapter 3.

Change of sensitivity to
measurement errors under integral
transformations used in modeling
of ships and marine control systems

3.1. APPLICATION OF INTEGRAL TRANSFORMATIONS
TO PRACTICAL PROBLEMS

In Chapters 1 and 2, the impact of measurement errors on the solution ac-
curacy of various engineering problems was considered. Primary attention
was paid to the important case of ill-posed problems, in which even arbi-
trarily small errors drastically affected solutions. We saw that there exists a
class of problems intermediate between well- and ill-posed problems, whose
correctness and, hence, sensitivity to errors may alter under equivalent trans-
formations used in treating the problems. Such problems are especially hard
to solve, and an unexpected encounter with such a problem may result in
serious miscalculations.

In the present chapter, we will consider the change of sensitivity to mea-
surement errors under integral transformations. Particular attention will be
paid to the well-known Fourier cosine transformation,

Sz(w) = 72T/0 K, (1) coswrdr, (3.1.1)
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which transforms a function of time K (7) into a function of frequency S(w).
Transformation (3.1.1) is widely, although not widely enough, used in syn-
thesis of marine control systems. In modeling of ships and marine systems,
engineers cannot do without this transformation.

Indeed, disturbing actions exerted on ships and marine systems originate
from wind, sea roughness, and vibrations, and the magnitude of these factors
can never be reliably predicted.

Consider a simplest problem, namely, that of predicting ship roll for a
ship oriented, as seamen say, “with the log to the wave”, i.e., the wave crests
in the situation of interest are parallel to the center plane of the ship. The
rolling equation has the form

(TED? 4+ ToD + 1)0 = (1), (3.1.2)

where T} and T5 are some time constants, measured in seconds; D = d/dt is
the differentiation operator; 6 is the roll angle, measured in degrees; and o(t)
is the disturbing action, or the wave sloping angle, also measured in degrees.
The time constant 71 depends on the moment of inertia of the ship hull with
respect to the longitudinal axis, and the constant 75 reflects the damping
action of water.

The constants 77 and 75 can be determined experimentally by recording
natural oscillations of the ship on calm sea, i.e., at ¢(t) = 0. If the initial
(at ¢(t) = 0) roll angle of the ship is 6y, then further time evolution of the
angle will be

9(75) _ e—(T2/(2T12))t [Cl cos ( 1- (41—‘;,1)2 ;1>

—|—CQSin( 1—(3)21{1)}, (3.1.3)

where ¢; and co are integration constants to be determined from initial
conditions. Provided that § = 6y and 6 = 0 at t = 0, we have ¢; = 6§y and
co = 0. Since, usually, T> < T4, then /1 — (T»/(4T}))? =~ 1, and the natural
frequency of the ship will be close to 1/T7. The ratio T5/(27}) characterizes
the damping rate of natural oscillations.

Given the disturbing action ¢(t), equation (2), not difficult to solve,
yields the function 6(t). If, for instance, the disturbing action is a harmonic
function of time, p(t) = Asinft, then, following the rapid decay of free
oscillations, only forced oscillations will remain, representing a harmonic
function of frequency 3, whose amplitude, which depends on ( and ship
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characteristics, and also on the constants 77 and T3, is given by the simple
formula A
o(t) NI sin (Bt + ). (3.1.4)
Yet, actual disturbing actions experienced by ships and marine systems
are not harmonic oscillations: instead, they are random, poorly predictable
functions. In this situation, direct solution of (3.1.2) gives nothing: the
solution é(¢) will also be a random, poorly predictable function of no use
for the modeling (a typical example of the roll angle § of a ship on rough
sea versus time is given in Figure 3.8 below). By solving the differential
equation (3.1.2) with random right-hand side ¢(t), we do not solve the basic
problem of calculating the ship roll: we cannot predict whether the ship will
sink, or whether the roll angle will reach a limiting value for ship sinking.

In such a situation, the very approach to the problem needs to be mod-
ified; one should search for the mean square of the solution:

T

(6%) = lim 62 dt, (3.1.5)
T—o0 0

and for the root-mean-square value of the solution:

oo = \/(02), (3.1.6)

rather than for the solution 6(t) itself.

Since the distribution of disturbing actions almost always obeys the
normal law, then, according to the well-known rule of “three root-mean-
squares”, the maximum magnitude of 6(t) is thrice its root-mean-square
value.

If, for instance, the critical roll angle for a ship, leading to its turning
upside down, is .. = 40°, and gy = 12°, then we can be sure that Oy <
3-12° = 36°, and the ship will not sink.

From here, there arises a question which for a long time, up to the sec-
ond half of the XX century, remained unanswered: which characteristics
of random disturbing actions need to be known in order the mean squares
of the solutions of linear differential equations (and, in particular, equa-
tion (3.1.2)) with right-hand sides containing random functions (stochastic
processes) ¢(t), could be found? The required characteristic is the spectral
power density (or, briefly, the spectrum) of the random function ¢(t).

There holds the following important relation (a simplistic derivation of
this relation will be given below): provided that the variables x(¢) and ¢(t)
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are related by a differential equation
A(D)z = B(D)y(t), (3.1.7)

where A(D) and B(D) are arbitrary-degree polynomials of the differentia-
tion operator, i. e., provided that

A(D) = anD" + an 1 D" + ... + ap, (3.1.8)
B(D) = b D™ + b1 D™ L+ by, (3.1.9)

then the spectra of z(t) and (t) (here and below, all spectra will be denoted
with the subscribed character S, e.g., S,, Sg, etc.) are interrelated by the
simple formula

Se = |B(jw)/A(jw)|*S,. (3.1.10)

Note that the mean square of a variable can be calculated from the
spectrum of this variable:

(2?) = /OOO Se(w) dw; (3.1.11)

hence, we have a simple rule for calculating the mean squares of solutions
of (3.1.7): first, the differentiation operator D in (3.1.8) and (3.1.9) is to be
replaced with the number jw; second, the function

B(jw)/A(jw) (3.1.12)

is to be calculated; third, the square of module of this function is to be multi-
plied by S, and, finally, integral (3.1.11) is to be calculated. Thus, provided
that the spectrum S, is known, then subsequent calculations present no
difficulty; as it is well known, the spectrum S, itself is the Fourier cosine
transform of the correlation function K (7) of the process ¢(t):

S,(w) = % /0 K, (r) coswr dr. (3.1.13)

Thus, the spectrum S, is a function of the variable w (frequency), having
dimension of 1/time, which can be calculated by transforming the correlation
function by formula (3.1.13).

In turn, the correlation function can be calculated based on its definition

T
Ky(1) = lim /_ o(t)p(t+ 7)dt. (3.1.14)
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Formula (3.1.14) shows that, for the function K,(7) to be calculated, it
suffices to multiply the values of (t) separated by a time interval 7 and,
then, perform averaging of the products obtained.

Formulas (3.1.10), (3.1.11), (3.1.13), and (3.1.14) form the basis for mod-
eling ships and marine systems whose disturbing action are stochastic pro-
cesses originating from wind and sea roughness, for modeling aviation sys-
tems acted upon by random factors brought about by atmospheric turbu-
lence, and for synthesizing many other systems; i. e, speaking generally, for
modeling all systems acted upon by random factors.

Of course, integral (3.1.14) is actually calculated not over an infinitely
broad interval —T < t < T, where T — o0, but over a finite interval, and
the values of ¢(t) are measured with inevitable errors; both factors give
rise to small deviations of the true correlation function from the correlation
function used in (3.1.13).

There arises a question: to which extent small uncertainties in the corre-
lation function affect the accuracy of the integral transform, i.e., the spec-
trum S,? To run a few steps forward, we say: small, and even arbitrar-
ily small uncertainties in K,(7) may strongly affect the spectrum S, (w).
Reconstruction of the spectrum S, (w) from the known function K, (7) by
formula (3.1.13) is generally an ill-posed problem. For this problem to be
successfully solved, additional information concerning the properties of cor-
relation functions and spectra is required in addition to formulas (3.1.13)
and (3.1.14), given in manuals. Below, the properties of correlation func-
tions and spectra will be analyzed, required for the ill-posed problem on
finding the disturbing-action spectrum to be successfully solved based on
integral transformation (3.1.13). Most frequently occurring errors will also
be considered.

3.2. PROPERTIES OF CORRELATION FUNCTIONS

First of all, note that the correlation function is calculated for the pro-
cesses p(t) whose mean value, i.e., the integral

T
(o) = lim —— / ot dt, (3.2.1)

T—oo0 2T -T

is zero. If (p) # 0, then the correlation function is to be calculated for
the deviation of the process p(t) from its mean value, i.e., for the process

p1(t) = o(t) — (p).
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The properties of the correlation function that immediately follow from
formula (3.1.14) are as follows:

1. The magnitude of K (t = 0), i.e., the magnitude of the correlation
function at 7 = 0 is the mean square of the process ¢(t), i.e.,

K,(0) = (o). (3.2.2)

That is why, instead of correlation function (3.1.14) they often consider
the normalized correlation function &, (to discriminate between this function
and the ordinary correlation function, they denote the normalized function
with the small letter) equal to the quotient of K, (7) and K,(0):

ko(1) = Ko(1)/ K (0). (3.2.3)

The normalized correlation function at 7 = 0 is always unity. The ordi-
nary correlation function is equal to the normalized function multiplied by
the mean square, i.e., K,(7) = (p*)ky (7).

2. The correlation function is an even function, i.e.,
K, (1) = Ky(—7). (3.2.4)

Indeed,

1 T 1 T
i L ~ m L B
Jim o /_Tgo(t)gp(t—i—T) dt Jim o /_Tgo(t T)p(t) dt,

which yields formula (3.2.4).

In view of (3.2.4), they often write the correlation function only for
positive arguments, i.e., for 7 > 0. It should always be kept in mind that,
in fact, this function is also defined for 7 < 0: it extends to the range of
7 < 0 symmetrically, in line with formula (3.2.4).

3. The obvious inequality

[o(t) — p(t+7)]* >0,

yields
O*(t) + G2t +7) > 20(t)p(t + 7). (3.2.5)

We perform time averaging of both sides of (3.2.5) and obtain that

K, (0) > K, (7). (3.2.6)
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Thus, the magnitude of the correlation function at any 7 cannot exceed
the magnitude of this function at 7 = 0.

4. A fourth important property is the following formula for the correla-
tion function of the derivative ¢(t) of the process ¢p(t):

d2

Ksb(T) = T a2

K,(7). (3.2.7)

This formula can be obtained from the basic formula (3.1.14) by differ-
entiation under the integration sign with subsequent integration by parts.
The correlation function of the derivative ¢ is equal to the second derivative
(taken with the opposite sign) of the ordinary correlation function K,(7) of
the process ¢(t).

Examples. a) Suppose that ¢(t) = Asin (Gt +1p); then, in the formula

1t .
K‘P(T):Jlg%oﬂ/_T A sin (Bt + 1) sin (Bt + BT + o) dt

we substitute, according to the well-known trigonometric formulas, the prod-
uct of the sines with the cosine of the half-difference and that of the half-sum.
We take the fact into account that the integral of the half-sum of the cosines
vanishes as 7 — oo, and obtain that

K, (1) = (A%/2) cos (BT). (3.2.8)

We see that the correlation function of a harmonic oscillation A sin (5t +
1) depends on its amplitude and frequency and does not depend on the
phase.

b) If the process ¢(t) is a periodic one that can be expanded into a
Fourier series,

p(t) = Aysin (nBt+ ¢n), (3.2.9)
n=1

then, in view of the fact that the integrals of products of harmonics with
different subscript numbers vanish, we use the same trigonometric transfor-
mation as in the derivation of (3.2.8) and obtain:

K,(1) = % i A2 cos (nfr). (3.2.10)
n=1
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o)

Figure 3.1

Formula (3.2.10) shows that the correlation function does not depend on
the phase shift between individual harmonics of the periodic process. That
is why various processes whose individual harmonics have identical ampli-
tudes but different phases have identical correlation functions. The latter
implies that the correlation function is not a unique characteristic of the
process @(t). Different processes may have identical correlation functions.

c¢) Consider now a stochastic process in which the quantity ¢(t) randomly
but with equal probabilities assumes the values +a and —a (see Figure 3.1).

The function ¢(t) looks as the output voltage of a telegraph apparatus;
that is why this process is called “telegraph signal”. The mean value of
the “telegraph signal” is zero. Find now the correlation function. The
probability of sign inversion obeys the Poisson law with a parameter p, i.e.,
the probability of the situation that, during a time 7, no sign inversion will
occur, is Py = e7#7, and the probability of the situation that, for the same
time, there will be precisely n sign inversions, is

P, ()" e M,

n!

The product ¢(t)p(t + 7) that enters the correlation function is either
a® or —a?, depending on whether the number of sign inversions of the func-
tion (t) during the time 7 is even or odd. But this means that

Kap('r) = a2(Peven - Podd)a

where Peyen and P,qq are the probability of the situations in which the
number of sign inversions during the time 7 is an even or odd number,
respectively.
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)

.

Figure 3.2
Since
o0 2k > (pr)2kH
Prn = [ (1) J s [Z Uer) e
(2k)! ’ (2k + 1)! ’
k=0 0
then, summing the series, we obtain:
Ky(7) = a?e 24"l (3.2.11)

i.e., the correlation function decays exponentially, vanishing with increas-
ing 7. The greater is p, i.e., the more frequently the function ¢(¢) changes
its sign, the more rapidly the correlation function decays.

d) Consider now a piecewise constant process that proceeds by coming
from one value ¢; to another at random times and in which the values ;
obey the Poisson law with a parameter u; in this case, the probability of the
situation in which the function (%) remains constant over the time interval 7
is e #7. This process is illustrated by Figure 3.2.

The product ¢(t)¢(t + 7) will assume different values depending on
whether or not during the time 7 the process ¢(t) passes from one value, @y,
to another value, ;.

In the first case

() p(t +7) = prer = o3,
whereas in the second case
()t +7) = prpi.

The probability of the first case is e™#7, and the probability of the second
case is 1 — e™#7. Hence,

Ko(7) = (pr)e ™7 + {ppeps) (1 — e #17).
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Yet, if ¢ and ¢; are independent and obey one and the same distribution
law, then (pxp;) = 0 and, finally,

Ky(7) = (p%)e . (3.2.12)

Here again, we see that rather dissimilar processes have similar corre-
lation functions. This once again confirms the fact that different processes
may have similar and even identical correlation functions. Processes that
have identical correlation functions, function (3.2.12), for instance, are called
“realizations” or, more precisely, realization of the process with a given cor-
relation function.

3.3. PROPERTIES OF SPECTRA

The spectral power density of a process ¢(t), for short called the spectrum,
is the integral Fourier transform of its correlation function, known from the
course of mathematical analysis. In analysis, the integral Fourier transfor-
mation is the transformation

+oo ) 00
/ f(t)e 7@t dt = / f(t)(cos (wt) — jsin (wt))dt = F(jw), (3.3.1)
—0oQ — 0o
which transforms a function of time f(¢) into a generally complex-valued
function F'(jw) of frequency w. Since the correlation function is an even
function, we are interested in the Fourier transformation of even functions
for which
+oo
/ f(t)sin (wt)dt =0
—00

and, therefore, Fourier transformation (3.3.1) turns into the cosine transfor-
mation

“+o0o

/ f(t) cos (wt) dt = Fr(w), (3.3.2)
—00

which transforms an even function of time f(¢) into a real-valued (and also
even) function of frequency Fi.(w). As it is known from the course of analysis,
the inverse Fourier transformation

1 [tee
Fo(w) cos (wt) dw = f(t) (3.3.3)

21 J oo

restores the initial function of time f(t). Taking the evenness of the func-
tions f(t) and F.(w) into account, one can substitute integration from —oo
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to +o0o with integration over a narrower interval, from 0 to 4o0; this yields
the following pair of formulas for the direct and inverse cosine Fourier trans-
formations:

“+oo
Fo(w) = /0 F(t) cos (wt) dt, (3.3.4)

™

+oo
f =2 /O Fu(w) cos (wt) dw. (3.3.5)

Inverse cosine transformation (3.3.5) differs from direct cosine transfor-
mation (3.3.4) by the factor 2/7. Yet, this factor may be conventionally
included in the direct cosine transformation so that to be eliminated from
the inverse transformation. It is generally agreed to use the latter form
of the cosine transformation of correlation functions in modeling ships and
marine control systems. The following important formulas hold:

2 [t
Se(w) = =/ K (1) cos (wr) dr, (3.3.6)
+o0o
K, (r) = /0 S,0(w) cos (wr) dw. (3.3.7)

The function S, (w), defined by (3.3.6), is the “spectral power density”
or, for short, the “spectrum” of the process ¢(t).

Example: for the correlation function K, = e~ %", we calculate the
integral

2 [ _., 2
— dr = - ——— 3.3.8
77/0 e 7 cos (wr)dr R ( )
d see that, in thi the spectrum is S, (w) = = —2
and see that, in this case, the spectrum is S,(w) = = ——.
’ ’ P v T a? + w?
Calculation of the integral
o0
2
/0 - ﬁ cos (wr) dw = e™ 7, (3.3.9)

shows that inverse transformation (3.3.7) indeed restores the initial correla-
tion function.

Of interest is the calculation of the spectrum of the correlation func-
tion K, = €7°7 in the limiting case of a — 0, when K (7) — 1 and the
process @(t) also transforms in a constant, ¢(t) = 1.

The limit of spectrum (3.3.8) for @ — 0 yields very peculiar a function
that is zero at all w # 0 and infinity at w = 0.
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Simultaneously, since formula (3.3.9) is valid for all «, including o« — 0,
then the integral of this function, which assumes a single nonzero value,
equals unity.

This peculiar function, denoted as §(w), is called the Dirac 0-function.
Thus, the spectrum of a constant quantity ¢(t) = A is the delta-function

Sp=a = A25(w).

Delta-functions, first introduced by Dirac, the English physicist in 1928,
are widely used in applications. These functions can be considered as limits
of ordinary functions. For instance, the function ¢(t) that is zero in the
interval —oo < t < 0 and ¢(t) = ae™®7 in the interval 0 < ¢ < oo turns in
the limit of & — 0 into the delta-function: lim,_.g ae™ = §(t).

Consider the main properties of the function S, (w) defined by formu-
las (3.3.6) and (3.3.7).

1. Formula (3.3.7) is valid for all 7, including 7 = 0. Substitution of
7 =0 into (3.3.7) yields

K,(0) = /0 ~ 5,(w) dw, (3.3.10)

From here, in view of (3.2.2), we have

(9% = /OOO Sp(w) dw. (3.3.11)

Thus, the integral of S,(w) gives the mean square of the process ¢(t).
If we take into account the fact that the mean square is often called the
“power” of the process ©(t), the meaning of the full name of the func-
tion S, (w), the “spectral power density” of the process ¢(t), now becomes
clear. This function shows the distribution of power over frequencies. In
short, the function S, (w) is normally called just “spectrum”.

2. From basic formula (3.3.6), it immediately follows that if K,(7) =
Ki(1)+ K»(7), then Sy(w) = S1(w)+S2(w), i. e., the spectrum of the sum of
two correlation functions is equal to the sum of the spectra of the addends.

3. It follows from the same formula that the transformation is unambigu-
ous. To each correlation function, its own spectrum corresponds. With the
spectrum known, we can calculate the correlation function, and vice versa.

4. As it is known from mathematical analysis, for the general Fourier
transformation (3.3.1) the following formula holds:

+0c0 d )
/ ?{ e W dt = jwF (jw), (3.3.12)
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i.e., the transform of the derivative df/dt is equal to the Fourier transform
of the function f(¢) multiplied by the number jw. In view of (3.2.7), for the
derivative of the correlation function ¢(t) of a process ¢(t) we obtain:

Sp(w) = |jw]2Sy(w) = w?Sp(w). (3.3.13)

Thus, the spectrum of the derivative ¢(¢) is equal to the spectrum of the
process ¢(t) multiplied by the square of the modulus of the number jw or,

which is the same, by the number w?.

Using formula (3.3.13), we can find the relation between the spectrum
Sz(w) of the solution z(t) of (3.1.7) and the spectrum S,(w) of the right-
hand side of this differential equation. This relation is given by the already
presented formula (3.1.10). How, the derivation of this formula is also given.

With formula (3.3.11) taken into account, we can also find the mean
square of the solution z(t) of (3.1.7):

(x?) = /OOO ’B(jw) ‘2S@<w) dw. (3.3.14)

Formula (3.3.14) opens up a simple way to calculating the mean squares for
all those various engineering systems whose disturbing actions are stochastic,
incompletely predictable processes. For this to be done, it suffices, using the
measured current values of the disturbing actions ¢(¢) and formula (3.1.14),
to calculate the correlation function K,(7) and to convert this function
into the spectrum S, (w) by formula (3.3.6), and then it suffices for any
differential equation (3.1.7) to replace the differentiation operator D = d/d¢
in A(D) and B(D) with the number jw, find the squares of the moduli
|B(jw)|? and |A(jw)|?, and calculate integral (3.3.14).

The spectra of disturbing actions and formula (3.3.14) presently form
the basis for the synthesis of all marine engineering objects (because the
disturbing actions exerted on ships and marine systems by wind and rough
sea are stochastic, incompletely predictable processes) and aviation systems
(because the disturbing actions brought about by atmospheric turbulence
are also stochastic processes), and many other systems and engineering ap-
paratus.

Nonetheless, many important aspects of integral transformations have
not been adequately covered in the literature. The next section discusses
the important matter of correctness of transformations in more detail.
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3.4. CORRECTNESS OF
INTEGRAL TRANSFORMATIONS

In calculating the correlation function of a process ¢(t) by formula (3.1.14),
we must take into account the fact that inevitable small errors in the mea-
sured values of () and p(t+7), and also the replacement of the theoretically
infinite interval of integration in formula (3.1.14) with a real, finite inter-
val, results in inevitable miscalculations of the correlation function. There
arises a question, to which extent these miscalculations will affect the final
result, i. e., the calculated mean square of the solution x(t) of the differential
equation

A(D)z = B(D)ep. (3.4.1)

Does calculation of the mean square of the solution through the integral
Fourier transformation of the process ¢(t) presents a well-posed problem?

By way of example, consider the simplest equation
x = Dy (3.4.2)
for the case of K, (1) = e~a7l. Since, here,

2 2 le

Sep(w) = 7T/0 e 7 cos (wr)dr = R (3.4.3)
then the spectrum of x(t) is
2 aw?
Sz =— 7. 3.4.4
() T a2+ w? ( )

We calculate the mean square of z(t) by formula (3.3.11) and see that,
here, the mean square is infinite since the improper integral

* 2 aw?
2
S L S
(z%) /0 Ta2tw?

Consider now the same problem on calculation of the mean square of x(t)
for the process p(t) with the correlation function

Ky (1) = el 4 are A7l (3.4.5)

diverges.

By calculating the integral

Se(w) = /0 (€77 + are™P7) cos (wr) dr

_ 2a B+ 2B+ (367 — a®)w?
T (2w 4w?)?

(3.4.6)
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we can also calculate the mean square of z(¢) by formula

2 00 2aw2 ﬁ4 +a262 4 (352 _ a2)w2
(@) _/0 T (@A)t )

dw. (3.4.7)

We notice at once that integral (3.4.7) is finite for all 3, because with
increasing frequency w the integrand vanishes as 1/w?, and such integrals
converge.

Simultaneously, at small values of /(3 (i.e., at high 3) the correlation
function (3.4.5) differs as little as one likes from K, () = eI,

Indeed, the maximum difference of these correlation functions,
(e~ 4 are™PITh — 70T = qre P, (3.4.8)
is attained at 7 = 1/ to be

Amax = a/(ef) = 0.368a/[. (3.4.9)

As a/B — 0, the difference between the correlation function K (1) =
el and (3.4.5) can be arbitrarily small (at the expense of large 3), while
the difference between the mean squares of the solution x(t) of differential
equation (3.4.2) is of fundamental nature: at K,(7) = e~ the mean
square is infinite, whereas at K (1) = e~ + are Pl the mean square
is finite for any o and . (Note that the difference between the correlation
functions, equal to are "7, for a/3 — 0 is small also in the mean-square
metric since the integral

/ Oo(oneiﬁf)2 dr (3.4.10)
0

is also arbitrarily small for a/5 — 0).

Thus, we arrive at an important conclusion: calculation of the mean
squares of solutions of differential equations through the integral cosine
Fourier transformation may appear an ill-posed problem. Inevitable small
errors in the calculated correlation function (and even arbitrarily small er-
rors) may result in fundamental differences in the mean squares.

With this example, one of the approaches to ill-posed problems can be
figured out. Improved accuracy in calculating the correlation function gives
nothing: the fundamental differences in the value of the mean square will be
retained with arbitrarily small errors. Yet, one can use additional informa-
tion about real processes whose spectra are of interest, and this information
will allow him to adequately approach the ill-posed problem, i.e., to choose
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an analytical formula for the correlation function that will provide a best fit
to experimental data distorted by inevitable measurement errors.

Actual processes display a finite rate of change and the mean square of
the rate ¢(t) of a real process ¢(t), i.e., the integral

(¢>=/0m5¢(w)dw:/ooow25¢dw (3.4.11)

must be finite. Yet, we have already established that this integral is equal
to the second derivative of the correlation function at the point 7 = 0, i.e.,

o) d2
/ w?Sy(w) dw = — Ko (0). (3.4.12)
0

But the second derivative at 7 = 0 will be finite only if the first derivative
at 7 = 0 is continuous. We turn to the widely used correlation function

Ky(r) = e, (3.4.13)

and see at once that at the left of the point 7 = 0 the derivative dK,/dr
is positive, equal to ae®”, and, as 7 — 0, this derivative tends to +c,
while at the right of the point 7 = 0 the derivative dK,/dT = —ae™*" is
negative, tending, with 7 — 0, to —a. Hence, the first derivative at 7 = 0
is discontinuous. It follows from here that at 7 = 0 the second derivative
of (3.4.13) is infinitely high, and it is therefore not surprising now that the
mean square of the derivative $(t) of the process ¢(t) whose correlation
function is function (3.4.13) turned out to be infinitely large.

Yet, since finiteness or infiniteness of the mean square of the deriva-
tive ¢(t) depends only on the behavior of the second derivative of the corre-
lation function at the single point 7 = 0, then finiteness of the mean square
can be restored by an arbitrarily small additive to function (3.4.13): it just
suffices to provide for identical values of dK,/dr at the right and at the left
of the point 7 = 0.

We saw that correlation function (3.4.5), which for small values of o/
differs arbitrarily little from (3.4.13), refers to a process ¢(t) whose mean
squared rate is finite, because, as |7| — 0, the derivative of (3.4.5):

di (el + are™PITh = —ap|r|e A1, (3.4.14)
.

tends to one and the same nonzero value both at the left and at the right of
the point 7 = 0.
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Thus, analytical approximation (3.4.5) of the correlation function ade-
quately reflects the physical essence of the real process, whose rate cannot be
infinite. This additional information (about finiteness of the rate) permits a
right choice of the analytical approximation for the correlation function in
the ill-posed problem on reconstruction of the function from the measured
values of ¢(t) inevitably distorted by small measurement errors.

As for correlation function (3.4.13), this function cannot adequately re-
flect such an important characteristics of almost all actual processes as finite-
ness of their rate. (We recall that the correlation function of type (3.4.13)
was written for the processes shown in Figures 3.1 and 3.2, i.e., for the
processes with “jumps” represented in the graphs by vertical segments, at
which the derivative ¢(t) is infinite. In actual processes, the derivative can
be large, and even very large, but never infinite. That is why the processes
in Figures 3.1 and 3.2, and other processes whose correlation function is
given by (3.4.13) are mathematically idealized processes.)

In spite of the aforesaid, correlation function (3.4.13) is widely used in
practice. The reasons for that will be discussed in Section 3.5.

3.5. PROBLEMS LOW SENSITIVE
TO ERRORS IN THE SPECTRUM

The majority of practical problems on calculation of mean squared values
of characteristics of dynamic systems acted upon by disturbing actions rep-
resenting stochastic processes are weakly sensitive to errors in disturbing-
action spectra that lie in the high-frequency portion of the spectrum, or in
the region of large values of the variable w in the spectra S, (w).

We have already mentioned that, provided that variables z(¢) and ¢(t)
are interrelated by differential equation (3.1.7) in which the polynomials of
the differentiation operator D = d/dt have the form (3.1.8) and (3.1.9), the
spectra S, and S, are interrelated by formula (3.1.10), in which the quan-
tity B(jw)/A(jw) is called the “frequency characteristic” of the dynamic
system or, which is the same, the frequency characteristic of mathemati-
cal model (3.1.7). Since for the majority of system the degree of A(D) is
greater than the degree of B(D), then the squared modulus of the frequency
characteristic

IB(jw) [AGw) I, (3.5.1)
vanishes at high w, and even large deviations between the spectra S; and
Sy of the processes p1(t) and po(t) in the high-frequency region result in
very small differences between the mean squares (¥2) and (x3) of the solu-
tions x1(t) and xa(t).
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This circumstance has been already used in Section 1.4 of Chapter 1,
where, to provide for well-posedness of a control optimization problem with
distorted control-object parameters, we substituted the disturbing-action
spectrum

S1(w) = (2/7) /(1 + w?) (3.5.2)

(answering the experimental data to the largest possible degree) with the
spectrum
Sa(w) = (2/m)(1 + 0.01w?) /(1 + w?), (3.5.3)

with which the Petrov criterion for well-posedness of the optimization prob-
lem under consideration is satisfied. In spite of the fact that the difference
between spectra (3.5.2) and (3.5.3) at high w is large (since at w = 10 we
have S2(10) = 251(10), and at w = 20 even S3(20) = 551(20)), the differ-
ence between the mean squares of the controlled process was only 0.88 %
(formula (3.3.14)).

That is why instead of correlation function (3.4.5), to which spec-
trum (3.4.6) corresponds, they often use function (3.4.13), to which spec-
trum (3.4.4) corresponds. The difference between spectra (3.4.4) and (3.4.6)
is large only at high frequencies, and spectrum (3.4.4) is much simpler.

Moreover, they often replace spectrum (3.4.4) with even simpler spec-
trum SLp(w) = const, i. e. with a frequency-independent spectrum. A process
with such a spectrum is called “white noise”. Of course, “white noise” is
pure mathematic idealization, and none of actual processes can be “white
noise” just because the mean square of the noise is infinite. Nonetheless,
replacement of an actual spectrum with a simple constant value is widely
used. The admissibility of such a replacement can be conveniently explained
with the following example. Consider the motion of a “Kazbek” ship (16
thousand ton displacement, 14 knot velocity) under steering control, acted
upon by wind and rough sea induced disturbing actions. The mathematical
model for the ship is the equation

(690D% + 60.8D + 2.5)0 = (1), (3.5.4)

where 6 is the angle of deviation of the ship from the set course and ¢(t) is the
moment of the wind and rough sea induced disturbing force. The spectrum
of the disturbing forces can be fitted with the well-known Rakhmanin-Firsov

formula: ) )
4o o+ 0

S, = (%) — ,

W) =) R Py — i

where the parameters o and 3 depend on the wave strength. For waves of
moderate strength often encountered values are = 1/sec and o = 0.218.

(3.5.5)
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Figure 3.3

Spectrum (3.5.5) for f = 1/sec and o = 0.215 is plotted in Figure 3.3
(solid curve); the dashed curve in the same figure shows the squared modulus
of the frequency characteristics of the “Kazbek” ship,

1/1690(jw)? + 60.85w + 2.5|%. (3.5.6)

We see that the squared modulus of the frequency characteristic differs
noticeably from zero only in the frequency band from w = 0 to w = 0.15;
in this band, spectrum (3.5.5) differs from S, (w) = const by not more than
4%. That is why the difference in the root-mean-square value of the devia-
tion angle of the “Kazbek” ship from the set course with spectrum (3.5.5)
replaced with a simpler spectrum S, (w) = const will remain within 1-1.5 %
(for ships with a greater displacement, i. e., with a displacement greater than
16 thousand tons, the difference will be even smaller). That is why in cal-
culating the control rule for steering, in calculating the ship deviation from
the course, and in similar calculations it is common practice to substitute
the actual disturbing action with a “white noise”. Such substitution sim-
plifies both the calculations and realization of steering and, simultaneously,
guarantees a sufficient accuracy. Detailed calculations of optimum steering
control systems for various analytical approximations of disturbing-action
spectra can be found in the monograph by Petrov (1973, pp. 132-147).
These calculations have lent support to the admissibility of replacement of
spectrum (3.5.5) with S, (w) = const. This is related to the fact that such a
dynamic system as a ship under steering control is weakly sensitive to spec-
trum variations outside the frequency band substantial for the ship, and this
band is very narrow, contained in the interval 0 < w < 0.1 or 0 < w < 0.15.

In ship-roll calculations, the situation is quite different. For the roll,
the natural frequency of the ship and the frequency of maximum disturb-
ing forces are comparable. For this reason, the most significant portion of
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the spectrum appears to be a vicinity of the maximum, whereas the por-
tion of the spectrum in the vicinity of w = 0 is insignificant. That is why
spectrum (3.5.5) with the correlation function

K, (1) = (¥ e (cos (B7) + (a/B) sin (B]7])) (3.5.7)
and a modification of spectrum (3.5.5),

9 2+ﬁ2+ 2
S‘P(w) = <902>?a(a2 +(;2 +w2)2u—)452w2’ (358)

with the correlation function
Ky(r) = <902>€_Q‘T| cos (A7) (3.5.9)

can both be successfully used in roll calculations.

It is readily seen that spectrum (3.5.5) and correlation function (3.5.7)
refer to a stochastic process o(t) with finite mean square of the deriva-
tive ¢(t), whereas spectrum (3.5.8) and correlation function (3.5.9), to a
more idealized process ¢(t) for which the mean square of the derivative ¢(t)
has no finite value since the integral

W= [ wSyw)do

for spectrum (3.5.8) diverges (for spectrum (3.5.5), this integral is finite
since, as w — 00, spectrum (3.5.5) vanishes more rapidly).

Both spectra, (3.5.5) and (3.5.8), are called the Rakhmanin-Firsov spec-
tra; either of them can be successfully used in roll calculation despite the
fact that at frequencies close to w = 0 the ordinates of (3.5.5) at equal ((?)
are twice the ordinates of (3.5.8). In roll calculations, low frequencies are
insignificant, and both spectra are equally applicable.

The situation has changed with the necessity to have, for drilling and
exploration works, ships capable of preserving, in spite of the disturbing
action of wind and rough sea, their almost exact position in the sea with
the help of dynamic stabilization systems. Calculations of such systems
have shown that, for them, both high and low frequencies are of signifi-
cance. The Rakhmanin-Firsov spectra (3.5.5) and (3.5.8), both in use till
the 1980ths, were soon recognized to yield wrong proportions between the
maxima of the spectrum and the magnitude of the spectrum at w = 0, thus
resulting in overestimation of the power required for normal operation of
dynamic-stabilization systems. Even worse results were obtained with the
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widely known Derbishire, Neumann, Bretshneider, Roll, and Fisher spectra,
available in the majority of manuals. All these spectra can be expressed by
the general Barling formula:

Sp(w) = Aw ke B (3.5.10)

with coefficients A, B, k, and n slightly differing from each other. All the
spectra based on formula (3.5.10) have one feature in common: as w — 0,
their ordinates tend to zero and, therefore, S,(w = 0) = 0. In ship-roll
calculations, these spectra all were used quite successfully, but when applied
to synthesis of dynamic-stabilization systems, wherein low frequencies are
of significance, there soon emerged a sharp difference between the predicted
and real behavior of the systems.

The reason consists in that inevitable errors in the measured values of
the process ¢(t), and also errors that has arisen in treating the values, i.e.,
in calculating the correlation function and the spectrum Sy, (w), have a most
pronounced impact on the results at small values of w in a certain vicinity
of w = 0. Calculation of S,(w) in the vicinity of w = 0 turns out to be an
ill-posed problem (or a problem close to an ill-posed problem); it is not there-
fore surprising that different experiments performed by different researchers
yielded different values for S, (0), and a proposition was advanced to apply
an approach traditionally practiced with ill-posed problems, namely, to in-
voke, in addition to the measured data, additional information about the
spectrum S, (w) drawn from physical considerations.

The train of thoughts was as follows: for marine dynamic-stabilization
systems, the disturbing action is the wave sloping angle ¢(t), whereas the
real sea roughness presents a complex combination of various waves widely
ranging in their wavelengths and frequencies. It was believed that very long
“elementary waves” refer to the values of S,(w) at low frequencies w, but
such waves are unable to replenish their energy from wind and, therefore,
have to be expected to rapidly decay, leading to S,(w) = 0 for low w’s.
Even if measurements gave values S, (0) # 0, these values, believed to result
from measurement errors, were replaced with S,(0) = 0. Unfortunately, all
these considerations from the very beginning were erroneous. As a matter
of fact, the ordinates of the spectrum S,(w) at low frequencies are not
bound at all to answer real “long waves”. In fact, these ordinates reflect the
non-uniformity of ¢(¢;) over arbitrarily long time intervals. If we consider a
particular realization of wave sloping angles over time intervals t; <t <t;11,
we will see that positive values will prevail in some intervals and negative
values will prevail in other intervals, and this fluctuations, although small,
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will be observed over time intervals of arbitrary length irrespective of how
large will be the difference t;11 —t; (it is these fluctuations that results, in the
first place, in the ship crab to be compensated with dynamic-stabilization
systems). In the spectrum S, (w) these fluctuations will result in that at low
frequencies, including the point w = 0, we will have S,(w) # 0. Note that if
S,(0) # 0, then it does not mean at all (as it is generally believed) that the
process (t) contains a constant component: the spectrum of a “telegraph
signal” with the mean value equal to zero, whose correlation function is
K, (1) =a%e™, is

9 3 a? 2
Se(w) =a T2+ w?) ——.

We see that, although the use of additional information remains a most
powerful approach to ill-posed (or close to ill-posed) problems, care must be
taken to choose this additional information soundly. An error in choosing
additional information results in an erroneous solution of the main problem,
which was initially the case in calculating dynamic-stabilization systems. A
breakthrough occurred after 1985, when it was proposed to introduce, in
order to describe the disturbing actions exerted on drill and oil exploring
ships, a new correlation function with three, instead of two, parameters,

Ky(7) = (¢*)e " (cos (B7) + ysin (B|7])), (3.5.11)
with the spectrum

2a a(o? + 5% +w?) +98(e® + 5% + w?)

Sy(w) = (? 3.5.12
Lp(w) <(P > T (ag +52 +w2)2 _ 462"‘}2 ( )
The magnitude of the spectrum at w = 0,
2 a+p
S,(0) = (¢?) = ——_ 3.5.13
o0 = (%)~ (35.13)

depends on 7. Practical calculations performed for sea roughness of various
intensities shows that, normally, the coefficient « is negative and its modulus
does not exceed 0.1; the magnitude of v has therefore almost no effect on the
spectrum near the maximum of the spectrum, which circumstance greatly
facilitates calculations. Earlier, using spectra with three parameters was
often avoided since it was hard to simultaneously choose such values of three
parameters with which experimental data could be accurately reproduced.
Specific features of spectrum (3.5.12) allows one to choose the values of the
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parameters not simultaneously but in succession: the parameter 3 is the
frequency at which the spectrum attains its highest, the ratio o/ for sea
roughness varies in a narrow range, 0.1 < a/f < 0.25, and can be found
from the damping rate of the correlation function by traditional methods,
as in the previous case of the Rakhmanin—Firsov spectrum. With chosen
values of o and (3, it is required to calculate, as accurately as it can be done,
the value of S,(0), and then calculate v by formula (3.5.13).

Three-parametric spectrum (3.5.12), proposed and substantiated by
Yu.P. Petrov and V.V. Chervyakov in their monograph “Drill-ship sta-
bilization systems” (the first edition of this monograph was issued in 1985
and the second, additional edition, in 1997 at the St.-Petersburg Technical
University), improved the reliability of calculations of dynamic-stabilization
systems of core and drill ships.

3.6. DIFFERENTIATION OF DISTORTED FUNCTIONS

Since there are no perfectly precise measuring instruments capable of yield-
ing measurement results with zero error, any continuously measured quan-
tity always suffers inevitable distortions.

Suppose that we intend to measure a function fi(¢); instead, at the
output of the meter we have a function

fa(t) = f1(t) + (1), (3.6.1)

where ¢(t) is an unknown and, as a rule, random process. This process
cannot be made equal to zero. Yet, it is necessary (and possible) to strive for
small values of y(t) or, more precisely, for small ratios between the random
component ¢(t) and the function fy(t), i.e., one should make his best to
achieve a small value of the fraction ¢(t)/f2(t), which will automatically
yield a good approximation of the measured quantity fa(¢) to the unknown
true function fi(¢).

New difficulties arise in the differentiation problem if not only the func-
tion f1(t) itself, but also its derivative dfi/dt is of interest, whereas the
meter gives us just the sum f1(t) + ().

The differentiation problem, or the problem of reconstruction of the true
derivative of the function f;(¢) from distorted measurement results, often
arises in the theory and practice of automatic control and is of primary
significance in this field.

Since even a function whose absolute magnitude is small may have a
large derivative, then differentiation of a distorted function may often be
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an ill-posed problem. However small the difference is between the mea-
sured value fy(t) and the true function fi(t), the difference between their

derivatives

dfa(t) dfi(t) _ de(t)

dt e dt

may be large. Even more frequently this problem turns out to be an ill-
conditioned problem, when to a small (but finite) difference of the functions,
fa(t) — fi1(t), a more appreciable difference of their derivatives corresponds,
resulting from that the random component (t) very often, as a rule, has a
higher variation frequency.

(3.6.2)

Now, let us pose a problem that requires finding an optimum operator
that best solves the differentiation problem for the distorted function. We
will find an optimum linear operator comprising various combinations of the
differentiation operator D = d/dt and integration operator D~! = fg dt,
or, in other words, it is required to find an operator of the form B(D)/A(D),
where A(D) and B(D) are some polynomials of the differentiation operator
D = d/dt.

We denote the sought operator as L. It follows from linearity of L that

Lizy(t) + ea(t)] = Llaa(8)] + Llza(0)] (3.6.3)

i.e., the operator L applied to the sum of functions x1+x2 yields a result that
equals the sum of the results obtained by application of the operator to each
of the term individually. Note that the differentiation operator D = d/dt
provides an example of a linear operator. Formula (3.6.3) expresses the well-
known rule: the derivative of the sum of two functions is equal to the sum
of their derivatives.

So, suppose that the sum of a measured function z(t) and an interfering
random function ¢(t) is acted upon by the sought linear operator (and is
also fed to the input of the device that realizes this operator); we seek the
operator L that transforms the sum x+¢ so that to simultaneously minimize
the difference between the transformed sum L(x + ¢) and the derivative &,
i.e., the difference

d
Lz +¢) — G i=Y (3.6.4)
It follows from linearity of L that
d d
y=L(@)+L(p) ~ = (L - E) () + L(). (3.6.5)

Let us apply now the integral cosine Fourier transformation to all terms
in (3.6.5). After the transformation, the functions y, x, and ¢ will be sub-
stituted with their spectra Sy(w), Sz(w), and S,(w), and the operators,
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with squared moduli of their Fourier transforms, or squared moduli of the
frequency characteristics of these operators. We obtain:

Sy(w) = |Ly — jw|?Se(w) + | Ly|?Sp(w). (3.6.6)

In (3.6.6), the subscribed character L,, denotes the cosine Fourier trans-
form of L, a function of w (recall that the cosine transform of the differen-
tiation operator d/dt is jw). It follows from (3.6.6) that

[e.e] o0
(y?) = /0 Sy(w) dw = /0 (|Ly — jw|?Sz + |Lw|*S,) dw. (3.6.7)

The minimum of (y?) is provided by a function L, that minimizes the
integrand. It is this fact, by the way, that makes the passage to the Fourier
transform a useful operation: it is a difficult task to directly find the opera-
tor L which minimizes difference (3.6.4) since methods for finding optimum
operators are still poorly developed. At the same time, it is quite an easy
matter to find the function L, that minimizes integral (3.6.7): it suffices to

invoke the well-known variational-calculus methods. With these methods
applied, we obtain that

Ly opt = jwSz(w)/(Se(w) + Sp(w)), (3.6.8)
and the squared modulus of the optimum operator is
’Lw,OPtP = WQ(SQJ)Q/<S$ =+ Sgo)Q-

We substitute (3.6.8) into (3.6.7) and find the least possible root mean
square value of the differentiation error:

o0 Sz,
2y — 2 _Pudp
(y*) —/0 w 5.+ 5, dw. (3.6.9)

The limiting case of S, — 0 refers to the case of no random component
present in the function under consideration and S,(w) = 0. In this limiting
case, as it could be expected,

d

—; 3.6.10
2 (3.6.10)

Lw,opt = jw, Lopt =
i.e., with no random component involved, one can differentiate the func-
tion x(t) in the ordinary manner since, in this case, the problem presents
no difficulties. With a random component involved, the situation, of cause,
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becomes more complicated. In addition, exact realization of operator (3.6.8)
is not always possible, and one has to restrict himself to some approximation
to this operator; yet, the use of additional information about the spectrum of
the function to be differentiated and the spectrum of its random component
enables substantial reduction of the differentiation error.

Example. Consider the problem of differentiation of a function x(t)
whose mean square is (z%) = 1, the correlation function is K, (1) = e ™7 (1+
aT), and the spectrum is

S, = (4/m)ad /(a® + w?)2 (3.6.11)

The measured function z(t) involves a random component ¢(t) whose
mean square is (¢?) and the spectrum is

Se = (¢*)(2/m)B/ (B +&?), (3.6.12)

i. e., in fact, we have to differentiate the sum z(t)+p(t). As it was noted pre-
viously, spectrum (3.6.12) refers to a non-differentiable process ¢(t). Note
that, if the rate of change of real physical processes is finite and these pro-
cesses are therefore differentiable, then the measurement error can vary
stepwise as in Figure 3.2 and can therefore have the spectrum given by
formula (3.6.12). The involvement of a non-differentiable random compo-
nent makes differentiation of the signal x(¢) + ¢(¢) that contains a random
component ¢(t), an ill-posed problem.

Indeed, we calculate the mean squared derivative of the signal y = x + ¢
(i.e., the result of transformation of the signal y = = + ¢ by the simple
differentiation operator D = d/dt) and obtain:

© 4 adw? o 2 fuw?
2y 2

It is seen at once from formula (3.6.13) that the first improper inte-
gral converges and is equal to o, whereas the second integral diverges at
any, even very small, mean square {p?) of the random component ¢(t).
The differentiation error for any small random component ¢(¢) with spec-
trum (3.6.12) turns out to be infinitely large.

To approach this ill-posed problem, one can employ additional informa-
tion contained in the spectra of the useful signal z(¢) and random compo-
nent p(¢) and use, instead of the differentiation operator d/dt, the operator
whose Fourier transform has the form (3.6.8) or an operator close to the
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latter. It is easy to check (by formula (3.6.9)) that, in this case, the differ-
entiation error will be most frequently small.

If the exact spectra of the useful signal z(¢) and the random compo-
nent ¢(t) are hard to obtain, then a simple rule can be used: if a predominant
part in the spectrum of the random component is played by higher frequen-
cies than in the useful signal, then, instead of the differentiation operator
d/dt, one should use an operator for which the squared Fourier-transform
modulus decreases with increasing frequency. The lesser the squared modu-
lus of the operator differs from the optimum one given by (3.6.8), the lesser
the differentiation error will be.

By way of illustration, Figure 3.4 shows the spectrum of useful sig-
nal (3.6.11) for @« = 1 and the spectrum of random component (3.6.12)
for (¢?) = 1 and 8 = 10; the dashed curve in this figure is the ratio of
the squared modulus of optimum operator (3.6.8) to that of the frequency
characteristics of the ideal-differentiation operator d/d¢. The spectrum of
the random component decays more slowly with increasing w than that of
the useful signal, and the squared modulus of the frequency characteristic
of the optimum filter rapidly decreases with increasing w.

A similar consideration allows one to solve a more simple optimal-
filtration problem, wherein it is required to extract, in a best possible man-
ner, a signal z(t) from meter indications x(t) 4+ ¢(t) distorted by a random
component ¢(t). We assume that the mean squares (z?) and (¢?) of the
signal z(¢) and the error (t) are known, together with their spectra S;(w)
and Sy (w). It is required to find a linear operator L such that to minimize
the difference between the yield of the operator L(x + ¢) and the sought
signal x(t):

Liz+¢)—z=uy. (3.6.14)
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It follows from linearity of L that
y=L(x)— L(p) —x = (L—1)(x)+ L(p). (3.6.15)

Apply now the integral Fourier transformation to all terms in (3.6.15).
On this transformation, the functions y(t), x(t), and ¢(¢t) will pass into
their spectra Sy(w), Sz(w), and S,(w), and the operators L and L — 1
will be replaced with squared moduli of their Fourier transforms, which are
functions of w and will be denoted as L, and L, — 1:

Sy(w) = |Ly — 1]2Sz(w) — |Ly|*Sy(w). (3.6.16)

It follows from (3.6.16) that
/ S, (@) dw _/ (Lo — jw2Ss + |LoPS,)dw.  (3.6.17)

To find the optimum operator minimizing the mean square of y(t), it
suffices to find the function L, that minimizes integral (3.6.17). We take
the derivative with respect to L, equate it with zero, and obtain:

Lw,opt = Sx/(sg: + S(’p) (3618)
Then, we insert (3.6.18) into (3.6.17) to find the least possible filtration error

S5 dw. (3.6.19)

2y
<y>m1n 0 S+S

Example. Let a useful signal z(¢) whose correlation function is K, =
e~ 7 and spectrum is
=1/(1+w?), (3.6.20)

be fed to the input of a control system. Admixed to the signal are measure-
ment errors, noise, etc., presenting a “white noise” with the spectrum

S, =1 (3.6.21)

(i.e., with infinite mean square; eventually, this means that the signal is
heavily distorted, the power of the random component is high, and its spec-
trum can be approximated with simple dependence (3.6.21)).

Here, the optimum operator L, is

L opt = 1/(2 4+ w?), (3.6.22)



92 Yu. P. Petrov and V. S. Sizikov. Well-posed, ill-posed, and ...

and its squared modulus is
|Lo? = 1/(4 + 4w? + ). (3.6.23)

The mean squared error is

2 © (14wt /°° 1 V2
= L S A—, T = ——dw = ——. .6.24
)= | Gt | srates Y (3.6.24)

Filtration can be realized with a dynamic system whose differential equa-
tion is
(D*+ V8D +2)y =z + . (3.6.25)

Since the spectrum of the random component is uniform throughout the
whole range of frequencies w, and the spectrum of the useful signal decreases
with increasing frequency, it follows from here that the squared modulus of
the frequency characteristic of the filter can be expected to decrease with
increasing w, which fact is reflected by formula (3.6.23). If exact realiza-
tion of the dynamic system with squared modulus of frequency characteris-
tic (3.6.8) or (3.6.18) is difficult to perform, then a simpler dynamic system
can be used, such that its frequency characteristic can be approximated with
formulas (3.6.8) or (3.6.18).

For instance, instead of dynamic system (3.6.25) one can use a simpler
dynamic system

(V2+ D)y =z + o, (3.6.26)
for which
o S+ S T
2y _ _ x TP g T
(y) —/0 Sy(w) dw —/0 >t o dw 5" (3.6.27)

The filtration error of (3.6.26) is greater than that of (3.6.25), but still
remains quite acceptable.

3.7. PROGNOSTICATION

In this section, we will consider a problem that cannot be solved exactly
in principle: it is required to predict the future values of a stochastic pro-
cess ¢(t) based on observations of this process in the past and present.

The problem can be formulated as follows: we monitor the process ¢(t)
over a certain time interval; these observations prove the process to be sta-
tionary and allow us to calculate the correlation function K,(7) and the
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spectrum Sy (w) of the process. Note that the correlation function can be
calculated with sufficient accuracy in rather short a time: provided that the
correlation function has the form (3.2.12) with © = 1/sec, for instance, then
the measurements can be completed in a 7-second interval since, with 7 > 7
seconds, the magnitude of correlation function (3.2.12) will be lesser than
one thousandth fraction of its maximum value at 7 = 0; that is why in or-
dinary engineering problems observations over time intervals longer than 7
seconds makes no sense. If u # 1/sec, then it suffices to perform observations
over the time interval 0 <t < 7/pu.

So, let by the time ¢ = 0 we have obtained the correlation function
and the spectrum S, (w) of the process ¢(t), and are able to measure ¢(0)
and ¢(0), but have no other additional information about the process. It
is required to predict, as reliably as possible, the future values of the pro-
cess p(t), or its values at t > 0.

This problem was first posed and solved in 1943 by Norbert Wiener
(1894-1964), the outstanding American mathematician. World War II was
escalating, and Wiener advanced a method for predicting the position of an
enemy airplane to make the flak fire more efficient.

The prediction method proposed by N. Wiener was complex. It is de-
scribed in the well-known book “Cybernetics” by Wiener (see Russian edi-
tion issued in 1958, pp. 81-123); in 1943, when this method was first pub-
lished in a secret yellow-cover booklet, this booklet became widely known
among design engineers as “yellow danger”. The engineers felt that the
Wiener method was capable of raising gunfire efficiency, but, simultaneously,
it was almost impracticable. Many hundred thousand hours, such expen-
sive in wartime, were spent in vein in attempts to comprehend the “yellow
danger”. Some people even proposed to parachute the book over Germany
so that German engineers had also to spend precious time on attempts to
understand N. Wiener.

We will give below a simpler, although not rigorous, derivation based on
the calculation of the spectrum of a sequence of impulse functions, i. e., such
functions whose mean square (power) is zero because

1 [T
2\ _ 1: - 2
(%) —TIEI;O 5T /Tgo dt — 0, (3.7.1)
but the integral
T
E, = lim ©? dt (3.7.2)

T—o0 -T
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exists and has a finite magnitude. The terms “power” and “energy” are
used because, with ¢(t) being electric current, the square p?(t) presents
the instant power of the current released in the resistance r = 1 Ohm,
mean square (3.7.1) is the mean power of the current, and integral (3.7.2) is
the energy of the current released in the resistance 1 Ohm during the time
—00 < t < oo (from here, in particular, the full name of the spectrum S, (w),
spectral power density, originates; recently, a new term “spectrum” has come
into use). By analogy with the ordinary correlation function, we introduce
the correlation function 7,(7) defined by the equality

0 0
vy — /0 oDt + 7) dt = / o)t — 7) dt, (3.7.3)

—00
and the spectral energy density F,(w) defined as the cosine Fourier trans-
form of the correlation function:

Eo(w) =2 /O " ro(7) cos (wr) dr. (3.7.4)

s

The inverse cosine transformation
o0
/ E,(w)cos (wr) dw = ry(7) (3.7.5)
0

reconstructs the correlation function ry(7); we put 7 = 0 in formula (3.7.5)
and obtain

r,(0) = /OOO O dt = /OOO Ey,(w)dw = E,, (3.7.6)

i.e., the energy of the impulse function () is equal to the integral of the
spectral energy density.

Example. Consider an exponential pulse, i.e.,

ae™ ™ 0<t<oo
t) = T ’ 3.7.7
# () { 0, —oo <t <0. ( )

For this function, we have

o o

ro = a2/ e emetHT) gp = 5 el (3.7.8)
0
We apply the cosine transformation and obtain
Bow) =2 [ e cos(wr)dr = (379)
w)=— —e Ycos(wr)dr = - ———. 7.
14 T Jo 2« T a? 4+ w?

We see that the spectral energy density of the exponential function differs
from the spectral power density of the exponential correlation function just
by a constant factor.
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Figure 3.5

Consider now a random sequence of exponential pulses of both signs,
+ae™, randomly spaced in time according to the Poisson law. In a unit
time interval, we have, in the mean, p pulses. Such a pulse sequence is
shown in Figure 3.5.

Let the alternation of the signs be such that the mean magnitude of
the pulse sequence is zero, and the pulses follows at a very low repetition
frequency, so that each pulse has enough time to completely decay by the
time the next pulse arrives. Since the spectral energy density of a pulse
+ae is

1 1

Bolw) == iz

(3.7.10)
and, in the mean, p pulses arrives during unit time, then the spectral density
(spectrum) of the pulse sequence is

Se(w) = ’;aiaziuﬂ (3.7.11)
i.e., it differs from the processes with spectrum (3.3.8), more than once
considered previously, just by a constant factor. We mentioned already that
the correlation functions and the spectrum are not exhaustive characteristics
of a process p(t). There may exist different processes with one and the
same spectrum (these processes are called realizations of a process with
the spectrum S,(w)). We saw that the exponential function K, = e™7
and spectrum (3.3.8) are displayed by the realization having the form of a
“telegraph signal” (Figure 3.1), and also by the realization in the form of
the function shown in Figure 3.2.

Figure 3.5 depicts another realization of a stochastic process with an
exponential correlation function, namely, the realization in the form of a
random sequence of exponential functions.

In the limit of @ — o0, each pulse ae™@" passes into a d-function, the

random sequence of the pulses transforms into a random sequence of d-func-
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e)

Figure 3.6

tions, and spectrum (3.7.11) passes into a constant quantity
Sep(w) = p/m. (3.7.12)

As was mentioned above, a process with a frequency-independent spec-
trum is called “white noise”. We see that one of the realizations of the “white
noise” is a random sequence of d-functions of different signs. A schematic of
this sequence is shown in Figure 3.6. Since the amplitude of the J-function is
infinite, this function is conventionally depicted as a “pointed arrow” whose
tip symbolizes the fact that this function has infinite amplitude.

Now, we are ready to answer the basic question: for the random pro-
cess @(t) observed till the moment ¢ = 0, the spectrum and the correlation
function K, = (¢*)e @7 are calculated. At ¢t = 0, the measurements give
©(t) = ¢(0). Which most plausible statement can be made about the val-
ues of B at t > 0 based on the available information about the spectrum?
The answer is clear: the best prediction for the future values of ¢(t) is the
function ¢(0)e™7.

At least for one realization of the process ¢(t) with K, = ™7, namely,
for the realization in the form of a random sequence of pulses shown in Fig-
ure 3.5, this prediction is an exact prediction, and for all other realizations,
an approximate prediction.

The approximate nature of the prediction ¢preq = ¢(0)e™*" is evident for
the realization of ¢(¢) in the form of a “telegraph signal”, whose correlation
function is also exponential. The dashed curve in Figure 3.7 shows the best
prediction for ¢(t) for t > 2 (here, the magnitude of the process p(t) was
last measured at ¢ = 2, and the curve shows the values predicted for ¢ > 2).

The prediction accuracy rapidly decreases with increasing time ¢ (or,
more exactly, with increasing product at). For ¢t = (0.7 = 0.8)a~!, the
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prediction accuracy is still quite acceptable, and then it gradually decreases.
This behavior is easy to understand since the correlation function and the
spectrum give us only limited information about the process ¢(t).

If we are interested in a more accurate prediction, then deep penetration
into the mechanisms behind the process ¢(t) is necessary. Nonetheless, the
correlation function is easy to calculate and provides a good prediction over
short prediction intervals.

Let us turn now to a more complex problem of predicting future values
of a process ¢(t) whose spectrum is

Sp(w) = AJ(w* + Mw? + N), (3.7.13)

where N > M?/4 (if N < M?/4, then spectrum (3.7.13) can be decomposed
in a sum of spectra of form (3.3.8); the problem for such spectra was solved
previously). If N > M?2/4, then spectrum (3.7.13) can be transformed into

Sy, = A/((w? + a® + 3%)? — 43%07), (3.7.14)

where

o> =M/4+VN/2, [ =VN/2- M/

Let the realization of the process x(t) in the form of a random sequence
of d-functions is fed to the input of a dynamic system whose differential
equation is

(D? +2aD + 32 — o?) ¢ = 2(t). (3.7.15)

Such a realization (as it was shown previously) has a frequency-independent
spectrum; hence, the spectrum of ¢(t) at the output of system (3.7.15) will
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have the form (3.7.14), and the realization of the process with spectrum
(3.7.14) in this case will be a random sequence of decaying pulses of form

@i(t) = £A;e”* sin (Bt). (3.7.16)

Each pulse is generated by a dé-function in the sequence. (Here, we
consider o(t)-functions so widely spaced in time that the processes generated
by one é-function have enough time to decay unless a next §-function arrives
at the input of the dynamic system). The coefficients A; at the pulses
depend on the magnitude and sign of the coefficients at the J-functions in
the sequence.

Consider now the spectrum

Sy(w) = Bw?/(w* + Mw? + N). (3.7.17)

The process with spectrum (3.7.17) is a derivative of the process with
spectrum (3.7.14). Hence, one of the realizations of this process may be a
random sequence of pulses of form

0i(t) = £A;e"*(Bcos (Bt) — asin (Bt)) (3.7.18)

(each of the pulses is the derivative of (3.7.16)).
With formulas (3.7.16) and (3.7.18), we can find one of the realizations
of the process whose spectrum has the form

Sy(w) = (A + Buw?)/(w! + Mw? + N). (3.7.19)
Such a realization will be a random sequence of decaying pulses

@i(t) = e “(cy cos (Bt) + cosin (Bt)), (3.7.20)

the first one starting at the point ¢ = 0; the constants ¢; and ¢y depend on
and in spectrum (3.7.19).

Now, we can readily solve the problem of best prediction of the pro-
cess @(t) with spectrum (3.7.19) from the values of ¢(t) and ¢(t) at ¢t = 0.
The best prediction will be function (3.7.20) with constants ¢; and ¢ found
based on the measured values of ©(0) and ¢(0). It follows from (3.7.20) that

cr=¢(0),  ca=(2(0) + ap(0))/5. (3.7.21)

With allowance for (3.7.21), the optimum prediction of the future (for
t > 0) values of the random process with spectrum (3.7.19) acquires the
form

@t >0) = e “|p(0)cos (Bt) + W sin (Bt)|. (3.7.22)
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For realization (3.7.20), prediction (3.7.22) will be the exact one (unless
the next pulse arrives at the input of the dynamic system); for all other re-
alizations of the random process with spectrum (3.7.19) prediction (3.7.22)
from the very beginning will be an approximate, although yielding an ac-
ceptable accuracy for the time ¢t = (0.2 = 0.3)a !, prediction.

For seagoing ships whose rolling spectrum can be described with formula
(3.7.14), and the typical values of o and 3 for which are 8 = 0.4 + 1 sec™!
and a = 0.08+-0.2 sec™!, one can expect that the roll angles will be predicted
rather accurately over times ¢t = 3 + 5 sec.

Admittedly, even such a prediction is a good one since realizations of the
random process with spectrum (3.7.14), even realizations of form (3.7.16),
may differ greatly from each other. A simplest case is the one in which pulses
follow at such a low repetition frequency that they do not overlap. Other-
wise, if the pulses overlap, then the realization of the process ¢(t) may be
rather queer; in these conditions prediction (3.7.22), which provides for the
various realizations a good accuracy over the times ¢ = (0.2+0.3)a ™!, should
be acknowledged as a breakthrough of the theory of random processes.

The solid curve in Figure 3.8 is a typical realization of the random process
with spectrum (3.7.19), ship rolling on rough sea. Shown is the roll angle 6,
expressed in degrees, as a function of time ¢, and the dashed curve shows
the optimum prediction for ¢ > 20. At t = 20 sec, the value of 6(20) and
the derivative 9(20) were last measured, and then the prediction follows.

Note that, having solved the prediction problem for the processes with
spectra (3.7.11) and (3.7.19), we, in fact, have it solved in the general state-
ment, for any fractional rational spectrum

apw2p + ap,1w2p_2 +...+qg
bgw?? + by_1w2a2 + ...+ by’

Se(w) = (3.7.23)
where p < ¢. Since any spectrum is an even function, and spectrum (3.7.23)

is a function of w?, we can introduce the notation w? = z and write the
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denominator as
bgr? + by_1291 + ...+ bo. (3.7.24)

Afterwards, as it is well known, fractional rational spectrum (3.7.23) can be
decomposed into the sum of spectra:

n n

C; AZ + Bin
= . 7.2
Sew) ;a?+w2+;Ni+Miw2+w4 (37.25)
Each of the spectra of form
S; = ci/(a? +w?) (3.7.26)

refers to one of the real roots x; = w? of (3.7.24), and each of the spectra
Si = (Ai + Biw®) /(w* + Mw* + Ny), (3.7.27)

to each pair of complex-conjugate roots. The constants ¢;, A;, and B;
in (3.7.25) can be found by the ordinary rules of indefinite multipliers.

The problem of prognostication based on information about the corre-
lation function (or, which is the same, about the spectrum of the random
process) presents an interesting example of a problem in which the solution
error depends not only on the measurement and calculation errors, but also
on fundamental factors. Even if, supposedly, we have precisely calculated
the correlation function of a process ¢(t), this calculation will not allow an
exact prediction of the future values of () just because the information
contained in the correlation function is insufficient for the exact prediction
to be made.

To make a more accurate prediction, one should use an approach that
has already proved useful in solving ill-posed problems — one has to invoke
some additional information about the process under study; this information
will allow more accurate prognostication.

By way of example, consider weather forecasting or, more precisely, pre-
diction of the mean temperature for tomorrow and a few days ahead. The
temperature or, more precisely, the deviation of the current temperature
from the known smoothly varying many-year temperature is a stationary
random process whose correlation function (more exactly, the values of the
correlation function for 71 = 1 day, 7o = 2 days, and so on) is easy to cal-
culate. These values, as it can be easily checked, often fall onto roughly an
exponential curve.
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Calculations performed for the Moscow Oblast’ yielded K, (7 =1 day) =
0.65; K, (7 = 2 days) = 0.42, etc.

From here, a simplest prognostication rule follows: if the today’s tem-
perature, for instance, is 4 degrees greater that the many-year temperature,
then, very probably, tomorrow this temperature will be 2.6 degrees greater
than the many year’s temperature, the next day, 1.7 degree greater, etc. You
can check it for yourself that this very simple prognostication rule yields a
better result than just a guess about the tomorrow’s temperature. Nonethe-
less, this simple forecast is far less accurate compared to the forecasts deliv-
ered by present-day meteorological services based on versatile information
about atmospheric processes, cyclone trajectories, etc.

The general rule is as follows: if you happened to encounter an ill-posed
problem or a problem close to an ill-posed problem, you should try to find
additional information. This information may prove (and often does prove)
to be of much help.
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Part 11

Stable methods for solving inverse
problems




Chapter 4.

Regular methods
for solving ill-posed problems

Before turning to the matter of correctness of various problems and equa-
tions, and before considering the solution methods for them, it is strongly
recommended first to master the fundamentals of functional analysis and
recall some facts from linear algebra.

4.1. ELEMENTS OF FUNCTIONAL ANALYSIS

Recall the basic notions of functional analysis (Verlan’ and Sizikov, 1986;
Kantorovic and Akilov, 1964; Kolmogorov and Fomin, 1981).

4.1.1. Some designations and definitions from the set theory

a € Aora¢ A— the element a belongs or does not belong to the set A;
A C B — all elements of the set A are contained in the set B or, in other
words, the set A is a subset of B; A C B — the same, but, in addition, it
may happen that A = B; @ — null (empty) set; AU B — sum of sets —
the set that consists of elements belonging either to A or B, or to both
of the sets; AN B — product of sets — the set that consists of elements
belonging both to A and B; countable set is a set whose elements can be
put in correspondence to natural numbers, or enumerated.



108 Yu. P. Petrov and V. S. Sizikov. Well-posed, ill-posed, and ...

4.1.2. Topological spaces

A system of sets 7 of a set X is called a topology in X if: 1) the set X itself
and the empty set @ both belong to 7, 2) the sum |J, Gj of any number
and the product (;_; G of a finite number of sets from 7 belong to 7. The
set X with a topology 7 defined on this set is called a topological space (X, T)
or, in short, T

Sets that belong to 7 are called open sets. The elements of a topological
space are called points. A wvicinity of a point x € T is any open set G < T
that contains the point x; a point z € T is called a touch point of a set
M C T if any vicinity of = contains at least one point from M; z is a
limiting point of a set M if each vicinity of x contains at least one point
from M different than x. The totality of all touch points of a set M is called
the closure of the set M and is denoted as M.

A set M of a topological space T is called an everywhere dense set if its
closure is T, i.e. M = T. A topological space with a countable, everywhere
dense set is called a separable space.

4.1.3. Metric spaces

A particular case of topological spaces are metric spaces. A metric space R =
(X, p) or, in short, X, is a set X of elements (numbers, functions, etc.) such
that, to each pair of members z,y € X, a nonnegative real number p(z,y)
corresponds, called the distance between x and y; this number obeys the
following axioms:

1) p(z,y) > 0 and, in addition, p(z,y) = 0 iff x = y;
2) p(2,y) = ply, 7) (symmetry aviom);
3) p(2,2) < play) + ply, 2) (triangle aziom).

Let z,, n = 1,2,3,... be some infinite sequence of elements. An ele-
ment 1z is called the limit of the sequence x, if p(z,,xo) — 0 as n — oo.
The notation is lim,, .. T, = xg. In the latter case, for any € > 0 there
exists a number N such that

p(Tm, ) <€ for m,n > N; (4.1.1)

the sequence x,, is called a fundamental sequence.

Generally speaking, the opposite statement, i. e., the statement that the
sequence T, has a limit does not follow from (4.1.1). With an additional
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condition stating that the existence of a limit of the sequence z, follows
from (4.1.1) (i.e., that any fundamental sequence converges), such a metric
space is called a full space.

A set U of elements X is called a compact set if any infinite sequence
of elements z, from U contains a converging sequence. The closure of a
compact set is called a compact.

Given two metric spaces X and Y, a mapping y = Az that puts certain
elements y € Y in correspondence to elements x € X is called an operator A
from X to Y. This mapping is denoted as A : X — Y. A particular case
of operators are functionals. Functionals are operators if Y is a space of
numbers with the distance p(y1,y2) = |y1 — y2|, where y1,y2 € Y.

4.1.4. Linear spaces

A linear, or wvector, space L is a nonzero set of elements x,y,z,... that
satisfies the following conditions:

I. To any two elements z,y € L, a third element z = x +y € L, called
the sum, is put into one-to-one correspondence; in addition,

1) z+y=y+x (commutativity),

2) 4 (y+2) = (v + y) + 2z (associativity),

3) there exists an element 0 € L such that x + 0 = x (existence of zero),
)

4) for each element x € L, there exists such an element —x such that

x + (—x) = 0 (existence of the opposite element).

II. To each element x € L and to each number «, an element ax € L
(product of the element x and a scalar «) is put into correspondence; in
addition,

5) a(fz) = (ab)z,
6)
7 (0 + Bz = az + fr,
8) a(r+y) = ar + ay.

l-x=nx,

Elements x,y,...,w of a linear space L are called linearly dependent
elements if there exist numbers «, 3, ..., A, not all equal to zero, such that
ar + Py + -+ + Aw = 0. Otherwise, these elements are called linearly
independent elements.



110 Yu. P. Petrov and V. S. Sizikov. Well-posed, ill-posed, and ...

4.1.5. Normalized spaces

A normalized space is a linear space L where the notion of norm is defined.
The norm of an element = € L is denoted with the symbol ||z||. The norm
||z|| in L is a real nonnegative number such that

1) ||z]| > 0 and, in addition, ||z|| = 0 only if x = 0 (non-degeneracy),
2) |lax] = laf - |lz|| (homogeneity),

3) llz+yl <zl + ||ly|| (triangle inequality).

A normalized space where the notion of distance p(x,y) = ||z — y|| is intro-
duced becomes a metric space.

Let the set A that consists of elements x,, ..., w of a linear normalized
space L be introduced. Then, the set C is called the linear span of a set A
if its elements are linear combinations ax + By + - - - + Aw, where o, 3, ..., A
are arbitrary numbers.

4.1.6. Banach spaces

A normalized full space is called a Banach space (B-space, space of type B,
space B).

Ezamples of linear normalized spaces that are Banach spaces, and des-
ignation of the norm in them.

1. Space R! of real numbers:

]| = [=].
2. Real n-dimensional space R™ of numbers = = (21,22, ...,Zy):
n 1/2
|z = {in} . (4.1.2)
k=1

3. Space Iy of the sequences of square-summed numbers = =

(1,22, s Thy v )t
[e.@]

ol = { Y2}

k=1
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. Space La[a, b] of square-integrated functions y(z):

i ={ [ wora)” <o (113)

. Space Lpla,b] (p > 1):

uwz{LﬂmmmmF”<m.

Space Ljla,b] of modulus-integrated functions y(x):
b
loll = [ lote)] o < oc. (4.0.4)

Space Cla, b] of functions continuous over a segment [a, b]:

= . 4.1.5
Il = max |y(z)] (4.1.5)

Space C™][a,b] (n > 1):

n
d*y(x)
Iyl = mas, >~ |5

Sobolev space Wzl)[a,b] of [ times continuously differentiable func-

tions y(x):
! b
MF{;L

Sobolev space Wij|a,b], representing a particular case of space 9,
namely, the space of functions y(z) that have square-integrated deriva-

tive:
b b 1/2
ol ={ [ e+ [y a)ac} "

dky(x) P 1/p
dzk ’dx} ‘
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4.1.7. Spaces with scalar product
(Euclidean space, Hilbert space, etc.)

Euclidean space. A real linear space E is called an Fuclidean space if a
real number (x,y), scalar product, is put in correspondence to each pair of
its elements x and y; the real number (z,y) is chosen such that to obey the
following axioms:

1) (z,y) = (y,x) (symmetry),

2) (z1+ x2,y) = (z1,y) + (z2,y) (additivity),

3) (Az,y) = A(z,y) (homogeneity),

4) (z,z) >0, and (z,z) = 0 only if z = 0.
Euclidean space with the norm defined as

Iyl =V (y,9)

turns into a normalized space.

Let E be a space with scalar product. A system of nonzero elements

X1,T2,...,T,m € E is called an orthogonal system if (zy,z;) = 0 for k # 1. If
the system z1,z9,..., T, is such that
R
Tp,T]) =
ot 1, k=1,

then this system is called orthonormalized system.

Hilbert space. A space H with scalar product is called a Hilbert space
if this space is full in the norm generated by scalar product. An alternative
definition is as follows: a Hilbert space is a Banach space where the norm is
defined as the scalar product ||y|| = \/(y,y) or ||z — y|| = /(z — y,z — y).

Spaces 1-4 and 10 are Hilbert spaces.

A set A C H is called a linearly independent space if each finite collection
of its elements is a linearly independent one. A set A C H is called the basis
of the Hilbert space H if this set is a linearly independent set and the closure
of the linear span A coincides with H. A basis is called an orthogonal basis if
the system of its elements is an orthogonal system, and an orthonormalized
basis if the system of its elements is an orthonormalized system.
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4.1.8. Operators in Hilbert space

Given some sets Y and F', suppose that a subset D C Y is allotted in Y.
Provided that to each element y € D a certain element f € F' is put into
correspondence, then the operator f = Ay is defined. In this case, the set D
is called the domain of the operator A; for this set, the designation D(A) or
Im A is adopted. The set R= R(A) ={f € F | f = Ay, y € D} is called
the value area of the operator A. The action of the operator A is designated
asA:Y — F.

An operator A that acts from a Banach space By to a Banach space By
is called a linear operator if for y, € D(A) and for arbitrary numbers cy,
k =1,...,m, the equality A(ciy1 + -+ + cm¥Ym) = c1Ayr + -+ + cmAym
holds. The operator A is called a bounded operator if ||Ay|| < g||y|| for any
y € D(A), where g is a finite number. An example of a linear bounded
operator is the linear integral operator A : Ly[a,b] — La|a,b] that generates
the function

b
Ay= [ K@oye)ds= @), a<a<b
The norm of the operator is defined as

A
|All = sup Iav] _ sup || Ayl (4.1.6)
ven(ay vl jy=1

An operator B that acts from a Hilbert space H into H is called the
conjugate operator with respect to the operator A : H — H if (Az,y)g =
(x, By)g for any x,y € H; this operator is denoted as A*. For instance,
the conjugate operator for the integral operator A is the operator A* that
generates the function

b b
A*y—/ K*(m,s)y(s)ds—/ K(s,z)y(s)ds,

where the bar is used to denote complex conjugation.

A self-conjugate (Hermitean) operator is a linear bounded operator A:
H — H such that for any z,y € H the equality (Az,y)g = (x,Ay)ny
holds. The wunit operator is the operator E (or I) such that Ey = y for
any y € D(A). An unitary operator is an operator U such that U*U = E.
A self-conjugate operator A is called a positively defined (positive) operator
if (Ay,y) > 0 for any elements y € D(A). An example of a positively defined
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operator is the operator A*A. The inverse operator with respect to A (this
operator is denoted as A~1) is the operator defined on R(A) and putting
in correspondence to each element f € R(A) a certain element y € D(A).
The latter is denoted as y = A~ f. From linearity of A, it follows that the
operator A™! is also linear. Yet, generally speaking, boundedness of A does
not imply that the operator A~! is also a bounded operator (the latter case
is typical, first of all, for ill-posed problems).

Operators A and B are called distributive (permutable) operators if
AB = BA.

A linear operator A : Y — F' is called continuous at a point yg € Y if
Ay — Ayp as y — yo. For linear operators, continuousness and boundedness
are equivalent notions.

The linear operator A is called quite continuous if it transforms any
norm-bounded set in a compact set.

Let X be a linear space and A be a linear operator acting from X into X
with a domain of operator D(A). A number A is called the eigenvalue of
the operator A if there exists a vector x # 0, x € D(A) such that Az = \x.
In this case, the vector x is called the eigenvector (eigenfunction) of the
operator A which corresponds to the given eigenvalue A. If A is a linear
self-conjugate operator, then all A are real, and ||A| = [A(A)|max, [|[A7}| =
1/|A(A)|min- If the operator A is positive, then all A are real and nonnegative,
and |A| = MA)max, |A7Y = 1/A(A)min. If A is an arbitrary (linear)
operator, then all A are, generally speaking, complex numbers, and ||A| =
VAA* A max, |A7Y = V/1/A(A*A)min. The totality of all eigenvalues of
an operator is called the spectrum of the operator.

4.2. SOME FACTS FROM LINEAR ALGEBRA

Recall some facts from linear algebra (Bronshtein and Semendyaev, 1986,
pp- 156-161; Verlan’ and Sizikov, 1986, pp. 504-509; Sizikov, 2001, pp. 142—
147; Voevodin, 1980; Gantmacher, 1959; Kurosh, 1975; Wilkinson, 1993).

4.2.1. Vector and matrix

A rectangular mxn-matriz is a set of (generally speaking, complex) numbers
arranged in a rectangular table that has m rows and n columns:
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ai;r a2 - Qlp
Gg1 a2 - A2p , ,

A= ] ) _ ) = (ai;), i=1,....m, j=1,...,n.
Gml Am2 - Omn

If m >1and n =1, then A is a column vector, and if m =1 and n > 1,
then A is a row wvector. If m = n, then the matrix A is called a square
matriz. If a;; = 0 for i # j, then a square matrix A is called a diagonal
matrix. If a;; = 0 for ¢ # j and a;; = 1 for ¢ = j, then the square matrix A
is called the unit matriz and is denoted as E or I. If all a;; = 0, then the
matrix A is called the zero matriz.

A matrix AT = (bj), i =1,...,n, j = 1,...,m, composed of the ele-
ments b;; = aj; is called the transposed matriz with respect to the m x n-
matrix A. In particular, transposition transforms a column vector in a row
vector, and vice versa. The matrix A = (a;;), i =1,...,m, j =1,...,n, is
called the complex conjugate matrix for the matrix A. The matrix A* = AT
is called the conjugate (or Hermitian-conjugate), or conjugate and trans-
posed matrix for the matrix A. In this case, (A*)* = A. If A is a real
matrix, then A* = AT,

The determinant of a square matrix A is denoted as |A| or det (A).
A minor of order k£ of a matrix A is the determinant of the k-th order
composed of any part of A with preserved arrangement of the elements a;;.
The rank r = rang (A) of a matrix A is the maximum order kp.x of the
nonzero minors of A.

A banded m x n-matrix A = (aj;) is a matrix such that a;; = 0 for
|i —j| > A and, in addition, A < max (m,n). A quasi-diagonal matriz A
is a square n x n-matrix that has square cells of order < n at its principal
diagonal, while all other elements of the matrix are zero. The banded and
quasi-diagonal (or sparse) matrices are opposed by dense matrices, or by
matrices with comparatively small number of zero elements.

A square matrix A is called degenerate (or singular) if |A| = 0; otherwise,
the matrix A is nongenerate.

A square n x n-matrix A7 is called the inverse matriz to a square
n x n-matrix A if A=A = E. A necessary and sufficient condition for the
existence of A~! is nongeneracy of A.

A square n x n-matrix A = (a;;) is called left, or lower (or, correspond-
ingly, right, or upper) triangular matrix if a;; = 0 for j > i (for j < 4). For
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a triangular n x n-matrix A, we have: |A| = [[i"; ai; (the determinant of
the matrix is equal to the product of the diagonal elements of the matrix).
The sum of the diagonal elements, ai1 + - -+ + @np, is called the spur of
the square n x n-matrix A = (a;;) and is denoted as Sp A or Tr A.
A square n x n-matrix A = (a;j) is called a symmetric matrix if a;; =

aji, i, = 1,...,n. A real symmetric n X n-matrix A = (a;;) is called a
positively defined (positive) matriz if 3 1., ajjziz; > 0 for all real z; and
szzl a;;r;x; = 0 only if 1 = 29 = --- = x, = 0. Examples of positively

defined matrices are the matrices E, AT A, AAT, A*A, and AA* (Ais a
rectangular matrix).

A square matrix A is called a normal matriz if A*A = AA*. A squared
complex matrix A is called a Hermitean (self-conjugate) matrix if A = A*.
A real Hermitean matrix is symmetric. A wunitary matrix is a complex
matrix A such that A*A = E or AA* = E. A real unitary matrix is called
an orthogonal matrix (AT A= E or AAT = E).

Any arbitrary nongenerate square matrix A can be represented as A =
LU, where L and U are respectively a lower and an upper triangular matrix.
If, additionally, A is a banded matrix, then L and U are triangular banded
matrices.

A positively defined matrix A can be represented as A = LL", where L
is a lower triangular matrix, in particular, a matrix with positive diagonal
elements ( Cholesky scheme) or as A = LDL", where L is a lower triangular
matrix with unit diagonal, and D is a diagonal matrix with positive elements.
If, additionally, the positively defined matrix A is a banded matrix, then
this matrix it can be represented as A = LL T, where L is a lower triangular
banded matrix.

4.2.2. Eigenvalues and singular numbers of matrices

The roots A\;, ¢ = 1,...,n, of the characteristic equation
aj; — A a2 o ain
as agy — A - azn
—0 (4.2.1)
an1 an2 S O — A

are called the eigenvalues of the square n x n-matrix A = (a;;). The quanti-
ties 1/\;, i =1,...,n, are called characteristic numbers. The singular num-
bers of an m x n-matrix A are real nonnegative numbers p;(A) = /Ai(A*A),
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i =1,...,n, normally arranged in non-increasing order (if the matrix A*A
is degenerate and has a rank r < n): up > pg > -+ > fp > fpgp] = -0 =
tn = 0 or (if the matrix A*A is non-degenerate): 1 > pg > -+ > p, > 0.
The following equality holds: |det(A)| = pip2 - - tin.

The eigenvalues \; of an arbitrary (square) matrix A are, generally speak-
ing, complex numbers. If the matrix A is symmetric, then all \; are real
numbers (of either sign, in principle). If the matrix A is positive and sym-
metric, then all A\; are real and nonnegative. All singular numbers u; of an
arbitrary matrix are real and nonnegative. In addition, in all cases A; and p;
may have order amounting to n. The set of eigenvalues of a matrix is called
its spectrum.

If A is a rectangular m x n-matrix, then, instead of eigenvalues, they
usually use singular numbers p;(A). If the rank of the matrix r < n, then the
matrix A is degenerate, or singular; in this case, the determinant det(A) =
|A] = 0 and the inverse matrix A~! (for m =n) or (A*A)~! (in the general
case) does not exist. If r = n, then the matrix A is nondegenerate, its
determinant is |A| = /|A*A| = pyp2 - - - pn, and the inverse, or reciprocal,
matrix A~ (for m = n) or (A*A)~! (in the general case) exists. If m = n,

Ayn Ao o Ap
_ 1 : . .
IA] : : . : )
Ay Agp o Apg

A—l
where A;; are the algebraic adjuncts.

4.2.3. Norms of vectors and matrices

Normally, it is common practice to first introduce the notion of the norm
of vector, ||z||, and, then, another, subordinate, notion, that of the norm of
matriz, ||A||, generally defined as (cp. (4.1.6))

A
14]] = max 1320 o 1 4a).
e#0 |lzl|  flal=1

Given below are some specific norms of a vector or a matrix.
Let © = (21,22,...,2,) be a row vector and | = (zy,22,...,2,)"
be a column vector in the real n-dimensional space R™. In this case, the

Euclidean (or Schurean) norm of the vector x is (cp. (4.1.2))

|lz|| = (ixz)lﬂ =Vaz'. (4.2.2)

k=1
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The Euclidean norm of a real square n X n-matrix A generated by
norm (4.2.2) is

41 = (3 fal)”* = i)

ij=1

If z is a complex vector and A is a complex matrix, then norm (4.2.2) is
n 0\ 1/2
Joll = (3 Jaf?) = Vot
k=1

in the latter case, the norms ||z|| and ||A|| are called Hermitean norms.
If A is a positively defined symmetric matrix, then

[A]] = p(A)max = A(A)max; ||A_1|| = 1/p(A)min = 1/A(A)min-
If A is a symmetric matrix, then
1Al = (A max = N ADlmaxs — [ATH = 1/1(A)min = 1/[A(A)|min-

If A is an arbitrary (for instance, a rectangular) matrix, then

HAH = N(A)max =V A(A*A) maxs HA 1” =1/u(A mln = 1/\/ A A)min-

They also use the “octahedral” norm of vector (see (4.1.4))

n
[EEEN
k=1

and the related “octahedral” norm of m X n-matrix

[A]l = max Z |aijl;

1<j<n
and also the “cubic” norm of vector (see (4.1.5))
Joll = s o

and the related “cubic” norm of m X n-matrix

A _
Al = max Z g,
also called maximum-norms.

Sometimes, they first introduce the notion of the norm of matrix, and
derive from it the notion of the norm of vector.
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4.2.4. Multiplication of matrices and vectors

The multiplication of two rectangular matrices is

Z = X XY
mxl mxn  nxl
or, in more detail,
n
sk =3 Ty, i=1...m, k=11 (4.2.3)
j=1

Multiplication of a matriz by a vector (a particular case of multiplication
of matrices) is

= A xy
mx1 mxn  nx1
or, in more detail,
n
fz' = Z Ai5Y7j, 1= 1, e, (4.2.4)
j=1

4.2.5. SLAE, condition number, LSM, and pseudo-inverse matrix

Consider a system of linear algebraic equations (SLAE):
Ay=f (4.2.5)
or

n
dagyi=fi,  i=1,...,m, (4.2.6)
j=1

where A is an m X n-matrix, y is an n-column vector, and f is an m-column
vector. If m > n (or, more precisely, the number of linear independent rows
in (4.2.5) is greater than n), then the SLAE is called an overdetermined
system. If m = n (and r = m), then the SLAE is called a determined system.
If, alternatively, m < n, then the SLAE is called an underdetermined system.

To analyze an SLAE, we can also use another, more stringent criterion.
To this end, along with the rank r = rang (A) of the matrix A (the maximum
order of the nonzero minors of A), we introduce the number p = rang (A | f),
the rank of extended matriz. Then, if p > r, then the SLAE has no solutions
and presents an overdetermined system. If p = r, then in the case of p =n
the SLAE has a single solution and presents a determined system; if p < n,
then the SLAE has many solution and presents an underdetermined system.
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The solution of a determined SLAE is symbolically denoted asy = A™! f,
where A~! is the inverse matrix; in practice, to solve an SLAE, the Gauss
method (or other methods) are used, which invoke the product decompo-
sition A = LU; in the latter case, the problem is reduced to solving two
SLAEs with triangular matrices Lz = f and Uy = z. If the matrix A
is positive, then most efficient methods are the Cholesky method and the
Kraut method, or the “square root”, method.

If, instead of the exact f and A, we have an approximate f and A such
that ||f — f|]| < & and ||A — A|| < ¢ (6 and ¢ are the errors in setting the
right-hand side and the matrix or, more precisely, their upper bounds), then
a frequently used estimate of the relative solution error is

16yl 6 3
- <<= * ) il
where cond (A) = cond (A7) = [|A]| - |A7Y| = p(A)max/t(A)min > 1 is the
condition number of A. If cond (A) is a relatively small number (normally,
< 10%), then the matrix A (and the SLAE) is called a well-conditioned ma-
trix (and system). Otherwise, if cond (A) is a relatively large number (nor-
mally, > 10%), then the matrix A (and the SLAE) is called an ill-conditioned
matrix (and system). Note that smallness (compared to unity) of the deter-
minant |A| is not, generally speaking, a criterion for ill-conditionality.
The solution of an overdetermined SLAE (pseudo-solution) can be found
by the Gauss least-squares method (LSM ); in this method, instead of (4.2.5),
one solves the so-called normal SLAE

A*Ay = A*f (4.2.8)

with the square positively defined n x n-matrix A*A. SLAE (4.2.8) results
from the condition
|Ay — f|*> = min. (4.2.9)
y

The quantity ||Ay — f|| or ||Ay — f||? is called the discrepancy (residual)
between the left-hand and right-hand sides of (4.2.5). A solution y that
satisfies condition (4.2.9) or, in other words, minimizes the discrepancy, is
called the pseudo-solution. For more detail see Section 4.6.

An underdetermined SLAE has many solutions. The only (normal) so-
lution of such a system can be found by the Moore—Penrose pseudo-inverse
matriz method:

y=A"f,
where AT is the pseudo-inverse n x m-matriz. For more detail see Sec-
tion 4.6.
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4.3. BASIC TYPES OF EQUATIONS
AND TRANSFORMATIONS

Listed below are the main types of equations (or system of equations) that
will be considered in subsequent sections of Part II.

4.3.1. Systems of linear algebraic equations

A system of m linear algebraic equations (SLAE) (Bronshtein and Se-
mendyaev, 1986, p. 161; Sizikov, 2001, p. 140; Voevodin, 1980; Gantmacher,
1959; Kurosh, 1975; Wilkinson, 1993) for n unknowns can be written in the
form of (4.2.5) or (4.2.6), where A is an m x n-matrix, y is the unknown
n x 1-column vector, and f is the right-hand side (a set m x 1-column vector),
or, in more detail,

a1y + ay2 + - + anyn = f1,

a21y1 + a22y2 + - + a2 yn = fo,
(4.3.1)

Am1yY1 + Gmay2 + - - + GmplYn = fm

Some propositions about SLAEs were given in Section 4.2. It should
be noted here that most hard to solve numerically are degenerate and ill-
conditioned SLAEs (Tikhonov and Arsenin, 1977).

Below, several definitions of degenerate SLAEs are given.

1. Suppose that m = n, i. e., the matrix of the system is a square matrix.
In this case, the SLAE is called a degenerate SLAE if its determinant is zero,
ie., |Al =0.

2. Suppose that, generally speaking, m # n. Then, the SLAE is called
a degenerate SLAE if its m X n-matrix A has at least one zero singular
number p. In the latter case, the condition number of A is infinity, i.e.,
cond (A) = p(A)max/1(A)min = co. This definition also applies to the case
of m =n, i.e., it is a general definition.

The notion of an ill-conditioned SLAE is defined less stringently. An
SLAE is an ill-conditioned SLAFE if the condition number cond (A) of its
matrix A is a sufficiently large, although finite, number. The words “suffi-
ciently large” have different meanings for different practical problems. Re-
lation (4.2.7) shows that if, for instance, the relative error in setting the
initial data (the right-hand side f and the matrix A) is of order 10~* and
it is required to find the solution y with a relative error of 1072, and the
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condition number cond (A) is of order 10*, then the required error of y is
unachievable, the condition number should be regarded as a “sufficiently
large” number and the SLAE, an ill-conditioned SLAE. At the same time,
if the relative error in setting the initial data is of order 107%, then the
value cond (A) ~ 10* is sufficient for a relative solution error of order 102
be achieved; in this case, the condition number can be regarded a “small”
number and the SLAE, a well-conditioned SLAE.

Note the following. If the calculations are to be carried out accurate
to some finite accuracy, then it is often impossible to establish whether the
given SLAE is a degenerate SLAE (i.e., f1(A)min = 0) or an ill-conditioned
SLAE (i.e., p(A)min > 0). That is why degenerate and ill-conditioned
SLAEs are normally considered uniformly and treated with unified (stable)
methods. For more detail concerning these methods see Section 4.7.

4.3.2. Systems of ordinary differential equations

Consider a system of ordinary differential equations (Bronshtein and Se-
mendyaev, 1986, p. 306; Pontryagin, 1982) written in the normal Cauchy
form
dyi(t)
dt

with some initial conditions (Cauchy problem)

:fi(tvyla--wyn), 1=1,....n, (432)

vi(t’) = vy (4.3.3)

For such a system, the Cauchy theorem about solution existence and
uniqueness holds (Bronshtein and Semendyaev, 1986, p. 306).

Cauchy theorem. Suppose that the following conditions are fulfilled:
1) the functions f;(t,yi1,...,yn) are continuous and bounded (i.e.,

|fi| < A) in a closed domain G = {|t —tY| < a, ly; — 49| <b,i=1,...,n};
2) in the domain G, the Lipschitz condition is fulfilled:

n
‘fi(tﬂglw"?gn) _fi(tvyla"'vyn)’ S LZ’:’;]C _yk‘7 Z: 17"'7”7
k=1

where L is the Lipschitz constant. Then, system (4.3.2) with initial condi-
tions (4.3.3) has a unique solution if [t — t°| < o, where a = min (a,b/A).



Chapter 4. Regular methods for solving ill-posed problems 123

Remark. The Lipschitz condition is fulfilled if, in G, the functions f;
have bounded partial derivatives with respect to yg, i.e., then
0
— filt,y1, -y yn)| < M, i,k=1,...,n. (4.3.4)
Oy,

Consider now the matter of solution stability for system (4.3.2) (Bron-
shtein and Semendyaev, 1986, pp. 325-326). System (4.3.2) can be repre-
sented as

dy .
! Zazjy] +oilt;y1, -y Yn)s 1=1,...,n, (4.3.5)

with a;; = (Gfi/ayj)(t;O,...,O) = const, 4,5 = 1,...,n, i.e,, a;; do not
depend on t. The system

dy;
y Z aijy; (t i=1,....n, (4.3.6)
=1

is called a system linearized with respect to (4.3.5).

We call y; = 5(t;t%90,...,90), i = 1,...,n, the undisturbed so-
lution of the system (solution of (4.3.2) with initial data (4.3.3)), and
0 = yi(t; %, 99, ...,9%), i = 1,...,n, the disturbed solution of the system
(solution of (4.3.2) with disturbed initial data 77, ...,92). Next, we call the
difference y; = §; — y; between the disturbed and undisturbed solutions the
trivial solution.

A sufficient condition for stability of the trivial solution is given by the
following theorem.

Theorem. Let

1) all roots of the characteristic equation of linearized system (4.3.6),
e., all roots A\ of (4.2.1), or of the equation det (a;; — \o;;) = 0, have
negative real parts: ReX\; <0,i=1,...,n;
2) all functions vi(t;y1,...,yn) satisfy the condition

n 1/2+a
Isoi(t;yh---,yn)\SM{ny} . i=1,...,n,
i=1

where M = const and o > 0. Then, the trivial solution of (4.3.2) is a
Lyapunov-stable solution. Otherwise, if at least one root A of the charac-
teristic equation has a positive real part (and the functions p; satisfy condi-
tion 2), then the trivial solution of (4.3.2) is unstable.
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Below, we will also consider a system of ordinary differential equations
with a control function (Tikhonov and Arsenin, 1977):

d?ii(tt) = f(t,y,u), (4.3.7)
where y(t) = {y1(t),...,yn(t)} is the unknown vector-function considered
over an interval to <t < T, f(t) = {fi(t),..., fu(t)} is the right-hand side
(vector-function), and u(t) = {ui(t),...,un(t)} is a control vector-function.
The initial conditions are

y(to) = o, (4.3.8)

where 1 is a given vector.

Further consideration of systems of ordinary differential equations will
be given in Sections 4.4 and 4.7.

4.3.3. Partial differential equations

Among the variety of partial differential equations (Bronshtein and
Semendyaev, 1986, p. 340; Ivanov, Vasin, and Tanana, 2002;
Lavrent’ev, Romanov, and Shishatskii, 1997; Tikhonov and Arsenin, 1977;
Lavrent’ev, 1981; Tichonov and Samarskij, 1963), consider most typical
equations, namely, the Laplace equation and the heat conduction equation.

In the two-dimensional case, the (elliptic) Laplace equation is of the form

Pu P

Au(z,y) = 922 + 057 0; (4.3.9)

here, we consider the boundary conditions (Cauchy problem):

ou

u(w,O) :f($), 873/ y=0:

(), (4.3.10)
where f(x) and ¢(x) are some given functions.

Consider also the one-dimensional (parabolic) heat conduction equation.
We will consider the following four statements of the problem.

1-st statement of the problem (with forward time). It is required to solve
the heat conduction equation

ou(x,t)  0*u(w,t)
ot 022

0<z<l, (4.3.11)
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with the initial condition u(z,0) = ¢(x) and the boundary conditions
u(0,t) = 1(t) and u(l,t) = 1o(t). The function u(x,t) gives the tem-
perature distribution along a rod at the time ¢ provided that the initial (at
t = 0) distribution was ¢(z) and the ends of the rod are kept under the
temperature regimes 11 (t) and ¥2(t). The equation is to be solved from the
time t = 0 towards increasing ¢; this statement is therefore called the direct
problem or the problem with forward time.

2-nd statement of the problem (with reverse time). In the inverse prob-
lem, it is required, by solving the problem towards decreasing ¢, to find the
initial temperature distribution u(x,0) = ¢(z) from the temperature dis-
tribution along the rod known at some time ¢, > 0, i.e., from the known
function u(z, t.). Here, the boundary conditions 1 (t) and 12 (t) are not set.

3-rd statement of the problem. Here, to be treated is the heat conduc-
tion problem posed as a Cauchy problem: it is required to solve the heat
conduction equation

ou(z,t)  O*u(z,t)
ot 022

with the initial conditions u(x,0) = ¢(x) and w(z,T) = x(z), where p(z)
and x(z) are some given functions.

—oo <z <oo, 0<t<T, (4.3.12)

4-th statement of the problem. Like the third statement, this statement
considers a Cauchy problem: it is required to solve heat conduction equa-
tion (4.3.12), but with a single initial condition u(z,0) = ¢(x).

Solution of partial differential equations will be analyzed in Section 4.4;
stable solution methods will be considered in Section 4.7.

4.3.4. Integral equations

Below, only several types of integral equations (Verlan’ and Sizikov, 1986;
Ivanov, Vasin, and Tanana, 2002; Lavrent’ev, Romanov, and
Shishatskii, 1997; Sizikov, 2001; Tikhonov and Arsenin, 1977; Tikhonov,
Arsenin, and Timonov, 1987; Tikhonov, Goncharsky, Stepanov, and
Yagola, 1995) will be considered; namely, equations of the first kind, whose
solution problem, as a rule, lacks stability.

The one-dimensional Fredholm integral equation of the first kind is

b
/ K(x,s)y(s)ds = f(x), c<z<d, (4.3.13)
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where K (z, s) is the kernel (some given function), f(x) is the right-hand side
(some measured function), and y(s) is the unknown function. The types of
spaces to which the functions K, f and y belong will be indicated in what
follows. The kernel K (z,s) in (4.3.13) is a Fredholm kernel.

Definition. A kernel K (z, s) is a Fredholm kernel if K (x, s) is a function
continuous in the rectangle Il = {a < s < b, ¢ < & < d}, a closed function
(i. e., the homogeneous equation (equation (4.3.13) with f(x) = 0) has only
zero solution), and a problem satisfying the Hilbert—Schmidt condition

b pd
//]K(m,s)|2dxds<oo. (4.3.14)

In practical problems, y(s) is normally the input process or the signal to
be reconstructed, f(z) is the measured output process, and K(x,s) is the
instrumental function of the meter.

One-dimensional first-kind Volterra integral equation:

/w K(z,s)y(s)ds = f(x), a<z<b, (4.3.15)

where the functions K, f and y have the same meaning as in (4.3.13).

One-dimensional first-kind convolution-type Fredholm integral equation:

/_OO K(x —s)y(s)ds = f(x), —00 < < 00. (4.3.16)

Two-dimensional first-kind convolution-type Fredholm integral equation:

o0 [o/¢]
/ / K(xz1 — s1,x2 — s2)y(s1, s2) dsy ds2 = f(x1,x2),

—o0 < T, T2 < 00.

(4.3.17)

The integral equations will be further considered in Sections 4.4—4.8 and
in Chapter 5.
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4.3.5. Operator equations

All the above-indicated equations and their systems (4.3.1), (4.3.2), (4.3.7),
(4.3.9), (4.3.11)—(4.3.13), (4.3.15)—(4.3.17) can be represented as a general
first-kind operator equation:

Ay=f, yeY, feF (4.3.18)

where A is some given linear operator (algebraic, differential, integral, etc.),
f is the right-hand side of the equation (an element belonging to some
space F'), y is the sought solution (an element belonging to some space Y),
and Y and F' are some Hilbert spaces, for instance, the spaces Lo and C (see
(4.1.3) and (4.1.5)). The apparatus of operator equations will be extensively
used in Sections 4.4 and 4.7.

4.3.6. Fourier, Hartley, and Laplace transformations

Consider some integral transformations (Bronshtein and Semendyaev, 1986;
Verlan’ and Sizikov, 1986; Sizikov, 2001; Bracewell, 1986; Vasil’ev and
Gurov, 1998; Rabiner and Gold, 1975).

Continuous Fourier transformation. Given some piecewise-continuous
function (an initial process) y(t), —oo < t < oo, where t is time, a linear
coordinate, an angular coordinate, etc. (if ¢ is time, then y(t) is a time-
dependent process). Then, the integral

Y(w) = / y(t)e™! dt, —00 < w < 00, (4.3.19)

— 00

is called the one-dimensional direct continuous Fourier transform (CFT) or,
for short, the Fourier transform (FT), Fourier image, image according to
Fourier, spectrum, etc. The function y(t) is called the inverse Fourier trans-
form (IFT), or the original. The variable w is called the Fourier frequency.
The function y(t) is either a real or complex function, and Y (w) is generally
a complex function that results from the following operations.

We apply the Fuler formula
e = cosp + isingp (4.3.20)

to obtain
et = coswt + isinwt. (4.3.21)
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If y(t) is a real function, then expression (4.3.19) can be written as

Y(w) = /: y(t) coswt dt + i /_Z y(t) sinwt dt
" Y(w) = ReY (w) +ilmY(w), (4.3.22)
e ReY(w) /_ Z y(t) coswt d, (4.3.23)
hnYXw):i/i:y@)ﬁnwtdt (4.3.24)

Relation (4.3.23) is called the Fourier cosine transformation, and relation
(4.3.24), the Fourier sine transformation. They also often use the modulus-
squared Fourier transform (FT)

Y (w)]? =Re? Y (w) + Im? Y (w),

called the power spectrum, and the FT modulus

Y (@) = Re?Y (@) + Im? ¥ (),

called the intensity spectrum.

From (4.3.19), the inverse Fourier transformation can be obtained:

1 [ ,
y(t) / Y(w)e ™ dw, —00 < t < 0. (4.3.25)

:% .

Given a two-dimensional function (initial process) y(t1,t2), one can ap-
ply the two-dimensional direct continuous Fourier transformation to the
function:

oo 0 ]
Y(wl, w2) _ / / y(t1, t2)ez(w1t1+w2t2) dtl dtg,
—o0 J—00

(4.3.26)
—00 < wW1,wy < 00;
then, the inversion formula analogous to (4.3.25) yields
t1,t9) = —5 Y (w1, wq)e” "1 Tw282) qyy dws,
y(ts, t2) M%Kw[m (wr,w2) P (4.3.27)

—00 < 11,12 < 00,

the two-dimensional inverse continuous Fourier transformation.
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Continuous Hartley transformation. Consider also the one-dimensional
direct continuous Hartley transformation

Yi(w) = /OO y(t) cas (wt) dt, —00 < w < 00,

—0o0

where the (real) function is defined as
casT = cosT +sinz

or
cas wt = coswt + sin wt.

The inverse continuous Hartley transformation is

1 [e.e]
y(t) = / Y (w) caswt dw, —o00 < t < 0.
2 J_

A distinctive feature of the Hartley transformation (HT) is the fact that
both the direct Hartley transform Yz (w) and the inverse Hartley trans-
form y(t) are real functions.

Continuous Laplace transformation. The one-sided direct Laplace trans-
formation is the integral transformation

U(p) = /000 p(x)e Prdx, (4.3.28)

where p = X + io is a complex variable; p(x) is some function of a real
variable z (normally time), called the original; and ¥(p) is the image of p(x),
which is often expressed as ¢(z) — ¥(p) or ¥(p) = Lip(x)].

The double-sided Laplace transformation differs from (4.3.28) by that
the lower integration limit in it is set equal to —co. Yet, it is one-sided
transformation (4.3.28) that is normally meant under the term “Laplace
transformation”.

The original ¢(x) must obey the following conditions:

a) p(z
b) ¢(z
c) |lp(z)] < Me for x > 0, where M > 0 and ¢ > 0 are some constants,
and, in addition, if |¢(x)| < |¢(0)], then ¢ = 0.

) is a piecewise continuous function;

=0 for x < 0;
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c+ioo
Imp=c |
dp
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I
I
c—i®
Figure 4.1.

Then, the inverse Laplace transformation takes place, which yields the
following expression for the original:

o(z) = ! /CIIOO U(p)eP” dp. (4.3.29)

211 —ico

The dashed line in Figure 4.1 shows the straight line along which the
integration in (4.3.29) is to be performed if the function ¥(p) has no singular
points; otherwise, the path of integration in (4.3.29) lies on the right of all
singular points of ¥(p).

Note that, strictly speaking, the integral Fourier, Hartley, Laplace (and
also Mellin, Hilbert, Hankel, etc. (Verlan’ and Sizikov, 1986; Korn and
Korn, 1961)) transformations cannot be considered as integral equations
with respect to their originals. For instance, expression (4.3.19) written as

o
/ e“ly(t)dt = Y (w), —00 < w < 00, (4.3.30)
—0o0

cannot be considered as the first-kind Fredholm integral equation for the
function y(t) with the kernel ¢! and the right-hand side Y (w). This is
related with the fact that the definition of the Fredholm integral equation
implies fulfillment of the Hilbert—Schmidt condition (4.3.14) for the kernel,
whereas for the kernel e™? which enters relation (4.3.30), this condition is
violated because

/ / Iei“’thwdt:/ / dwdt = oo.
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4.4. WELL- AND ILL-POSEDNESS
ACCORDING TO HADAMARD

4.4.1. Definitions of well- and ill-posedness

In 1902, J. Hadamard introduced the notions of well- and ill-posedness
(see also Verlan’ and Sizikov (1986), Ivanov, Vasin, and Tanana (2002),
Lavrent’ev, Romanov, and Shishatskii (1997), Sizikov (2001), Tikhonov and
Arsenin (1977), Morozov (1984)). Consider these definitions of these notions
with the example of the first-kind operator equation

Ay=f, yeY, feF, (4.4.1)

where y is the sought solution, f is a given right-hand side, Y and F' are
some Hilbert spaces (the spaces W3 and Lo, for instance), and A is a given
continuous operator (linear, nonlinear, algebraic, differential, integral, etc.).

Definition 4.4.1. The problem for solving equation (4.4.1) presents a
correct, or well-posed, problem according to Hadamard if the following three
conditions are fulfilled:

1) the solution exists;
2) the solution is unique;
3) the solution is stable.

If at least one of these conditions is violated, then the problem is an incorrect,
or ill-posed, problem.

A more strict definition of well-posedness according to Hadamard is as
follows (Ivanov, Vasin, and Tanana, 2002).

Definition 4.4.2. The problem for solving equation (4.4.1) presents a
well-posed problem according to Hadamard if:

1) for any f € F, there exists an element y € Y such that Ay = f, i.e.,
the operator domain is R(A) = F' (solution existence);

2) the solution y is uniquely determined by the element f, i.e., the inverse
operator A~! exists (solution uniqueness);

3) the function y depends on f continuously, i.e., the inverse operator
A~!is a continuous operator (solution stability).
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The definition of well-posedness according to Hadamard is also called
the classical definition of well-posedness.

In addition, there exists another definition of ill-posedness given by
Fichera (Ivanov, Vasin, and Tanana, 2002); this definition further develops
the definition of well-posedness according to Hadamard, placing emphasis
on the properties of the operator A.

Definition 4.4.3. The problem for solving equation (4.4.1) presents
a well-posed problem according to Fichera if the operator A is normally
solvable (i.e., its operator domain is closed).

In Section 4.7, the definition of well-posedness according to Tikhonov
will be given.

Hadamard advanced a statement that ill-posed problems are physically
meaningless problems; in other words, if an equation that describes some
applied problem is an ill-posed equation, then the problem presents an arti-
ficial (unreal) problem or this problem is described in an inadequate manner
(for instance, some constraints on the solution making the problem correct
are not taken into account). Hadamard gave several examples of ill-posed
problems, for instance, the Cauchy problem for the Laplace equation (see
Section 4.3). This problem, however, has many applications in astronomy,
geophysics, cosmonautics, etc., i.e., presents a physically meaningful prob-
lem.

Moreover, many applied problems (in signal and image processing, to-
mography, spectroscopy, control theory, etc.) are ill-posed problems, which
fact was widely recognized in several last decades. It should therefore be
concluded that the statement advanced by Hadamard was invalid and has
slowed down the development of many fields of research in pure and applied
mathematics.

4.4.2. Examples of ill-posed problems
Below, several examples of equations or system of equations whose solution
presents an ill-posed problem, are given.

Example 4.4.1. Consider the following overdetermined system of linear
algebraic equations (SLAE) (Sizikov, 2001, p. 179):

2y1 — 3y2 = —4,
—y1 + 2y = 3, (442)
Y1+ 4y2 = 15.
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This SLAE is indeed an overdetermined system having no solution be-
cause the rank of the extended matrix here is p = rang (A|f) = 3, and the
rank of A is r =rang (A) =2, i.e., p > r (see Section 4.2). In addition, the
number of independent rows in (4.4.2) is 3, which is greater than n, that
equals 2.

The fact that this SLAE has no solutions ¥,y can be proved imme-
diately. Indeed, with only the first two equations taken into consideration
we obtain the solution y; = 1, yo = 2; with the second and the third equa-
tions, we obtain y; = yo = 3; if, alternatively, we take into account only the
first and the third equation, then y; = 2.635, yo = 3.09, i.e., there is no
unique solution and, here, the first condition for well-posedness according
to Hadamard is violated.

Example 4.4.2. Consider the following underdetermined SLAE (Sizi-
kov, 2001, p. 179):
2y1 — 3ys = —4. (4.4.3)

For this SLAE, p = r =1 < n = 2; this SLAE is therefore an underdeter-
mined system that has many solutions (see Section 4.2). Indeed, this SLAE
has many solutions; for instance, 1) y1 = 1, yo = 2; 2) y1 = 2, y2 = 8/3;
3) y1 =0, yo = 4/3, etc. are all solutions of the system. Thus, the solu-
tion of the SLAE is non-unique, and the second condition for well-posedness
according to Hadamard is violated.

Example 4.4.3. Consider the determined SLAE (Sizikov, 2001, p. 179):

2y1 — 3y2 = 3,

(4.4.4)
—1.33y; + 2y = —1.99.

For this SLAE, p = r = n = 2 and, in addition, m = n = 2 (and
r =m = 2), this system is therefore indeed a determined system.

The solution of (4.4.4) exists and is unique: y; =3, y2 = 1. Yet, with
somewhat modified right-hand sides, which yields the SLAE

2y1 - 3y2 = 3.01,

(4.4.5)
—1.33y1 + 2y2 = —2,

i.e., with introduced relative errors |[0f|/|f]l < 0.5%, we obtain a new,
notably different solution: y; = 2 (relative error [dy1|/|y1| = 33 %), y2 = 0.33
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(relative error ~ 67 %), i.e., the relative solution error here is two orders
of magnitude greater than the relative error in setting the right-hand side.
These estimates can also be made considering the condition number cond (A)
(see Section 4.2). To do this, we write the characteristic equation

2—-X =3

= 0; (4.4.6)
~1.33 2-A

this equation yields A\ (A4) = 3.9975 and A2(A) = 0.0025016, i. e., the eigen-
values of A are real and positive numbers. Hence, the matrix A of (4.4.4)
is a positively defined yet nonsymmetric matrix. That is why one has to
calculate the condition number cond (A) with the help of the matrix A*A,
a positively defined symmetric matrix. We use (4.2.3) and obtain:

WA — 5.7689 —8.66 '
—8.66 13

The eigenvalues of this matrix are
A (A*A) =18.769,  Ao(A*A) = 0.53996 - 107°.
The singular numbers of A are
p(A) = VAL(A*A) = 4.3323,  pa(A) = \/Aa(A*A) = 0.0023237.

The condition number of A is

p(A) max 3
cond (A) = ——— = 1.8644 - 10°, 4.4.7
(4) (A)min (4.4.7)
and, according to (4.2.7) (at £ = 0), we have:
16y 161l
— = < cond (A)———. (4.4.8)
[yl I1£1]

We see that the solution of (4.4.4) is moderately unstable, that is, the
relative solution error here is two orders of magnitude greater than the
relative error of f.

In practice, many SLAEs have greater condition numbers, i.e., they are
unstable in a greater extent. For such SLAEs, it makes sense to use the term
“ill-conditioned SLAEs”. If, alternatively, cond (A) = oo (the determinant
is zero), then such a SLAE is degenerate and the solution error may appear
arbitrarily large.
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Example 4.4.4. System of ordinary differential equations (ODE). In
Section 4.3, the Cauchy problem for a system of ODEs was considered. We
write this problem in the form (see (4.3.2)):

dy(t
where y(t) = {y1(t),...,yn(t)} is the unknown vector function considered

over the interval tg <t < T and f(t) = {fi(t),..., fn(t)} is the right-hand
side of the equation (some vector function). The initial conditions are

y(to) = o, (4.4.10)

where 1 is a given vector.

In Section 4.3, existence, uniqueness and stability conditions for sys-
tem (4.4.9) were formulated. Namely, provided that the right-hand sides f;
of (4.4.9) are continuous and bounded functions that satisfy the Lipschitz
condition in a certain closed region, then system (4.4.9) has a unique so-
lution. Next, provided that the real parts of all roots of the characteris-
tic equation are negative, then system (4.4.9) is stable, which means that
small changes in initial conditions never result in large and arbitrarily large
changes in the solution.

Consider now (as in Section 4.3) a system of ordinary differential equa-
tions with control function (see (4.3.7)):

dy(t
YO _ pr o), (4.4.11)
dt
where u(t) = {ui(t),...,un(t)} is a control vector function. The initial

conditions are set in the form (4.3.8).

We assume that the function u(t), as well as the function y(t), is the
unknown function; in this case, we obtain an optimum-control problem.

Consider a particular example of optimum-control problem, the vertical
motion of a rocket of variable mass launched vertically upward so that to
reach a maximum height. This motion is governed by the following system
of ODEs (Tikhonov and Arsenin, 1977):

do(t) _ au(t) — cv?(t) B
dt m(t) 4
dm(t)
a0

(4.4.12)
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with the initial conditions m(0) = mg and v(0) = 0. Here, m(t) is the
variable mass of the rocket; v(t) is the velocity of the rocket; u(t) is the
control function, the consumed fuel mass as a function of time; and a, c,
and g are some constants.

It is required to find an optimum control function wuept(t) such that the
rocket could reach the maximum height (H = max).

Yet, this problem is an ill-posed problem (Tikhonov and Arsenin, 1977):
to small variations of H, arbitrarily large variations of u(t) correspond, i.e.,
the third condition of well-posedness according to Hadamard is violated
here. In Section 4.7 we will consider a regularization method for solution of
ODE systems making the above problem stable.

Example 4.4.5. The Cauchy problem for the Laplace equation. In
Section 4.3, we considered the two-dimensional Laplace equation (elliptic-
type partial differential equation)

0?u  0%u

together with the boundary conditions (Cauchy problem)

ou

’LL(:L‘,O) :f($)7 aiy y=0:

o(z), (4.4.14)
where f(x) and p(z) are some given functions.

In a number of studies (Lavrent’ev, Romanov, Shishatskii (1997) and
others) it was shown that, with some minimum constraints imposed on the
class of functions among which the solution wu(z,y) is sought, this solution
exists and is unique, i. e., the first and second conditions for well-posedness
according to Hadamard are fulfilled here. Yet, the solution is unstable. Let
us show that.

With f(x) = fi(z) = 0 and ¢(x) = ¢1(x) = asinwz, the solution of the
Cauchy problem is the function

u(z,y) = ui(z,y) = (a/w) sinwzx shwy,

where shz = (e* — e™*)/2 is the hyperbolic sine.
Alternatively, if f(z) = fa(z) = ¢(x) = p2(x) = 0, then the solution
of the Cauchy problem is the function u(z,y) = wug(z,y) = 0. For any
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functional spaces and € > 0, ¢ > 0, and y > 0, one can choose a and w such
that the equality

|l fi = foll =0

and inequalities
1 — 2| = ||lasinwz|| <&, llur — uz|] = ||(a/w) sinwz shwy|| > ¢,

will be fulfilled, i.e., small variations of the boundary conditions f(z)
and o(z) will result in arbitrarily large variations of u(z,y).

Thus, the solution of the Cauchy problem for the Laplace equation is
unstable (the third condition of well-posedness according to Hadamard is
violated) and, hence, the problem is incorrect.

In Section 4.7, it was shown how a regular (stable) solution of the Cauchy
problem for the Laplace equation can be constructed.

Example 4.4.6. The Cauchy problem for heat conduction equation
(parabolic-type partial differential equation). In Section 4.3, four variants
of this problem were considered (Ivanov, Vasin, and Tanana, 2002).

In the first variant (direct problem, or forward-time problem), it is re-
quired to solve the heat conduction equation

ou(z,t)  O*u(w,t)
o 0z

0<z<l, t>0, (4.4.15)

with the initial condition u(z,0) = ¢(x) and the boundary conditions
w(0,t) = 11(t) and u(l, t) = a(t).

The sought function u(z,t) gives the temperature distribution along a
rod at the time ¢ provided that, initially (at ¢ = 0), this distribution was ¢(z)
and the ends of the rod were kept under the temperature regimes 1)y (t)
and 1/)2 (t)

The equation is to be solved from the time t = 0 towards increasing t.
This is the classical heat conduction problem. This problem is a well-posed
problem: the solution continuously depends on the initial data ¢(x).

In the second variant of the problem (in the inverse problem, or in the
reverse-time problem) it is required to reconstruct the initial temperature
distribution u(z,0) = ¢(z) along the rod from the temperature distribu-
tion known at some time ¢, > 0, i.e., to reconstruct, by solving problem
towards decreasing ¢, the initial temperature distribution from some given
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function u(x,t.). In this case, the boundary conditions v (t) and 12(t) are
not set. This is an unstable problem.

In the third variant of the problem, it is required to solve the heat con-
duction equation

ou(z,t)  O*u(z,t)

o ox?

with the initial conditions u(z,0) = ¢(x) and w(z,T) = x(z), where p(z)

and y(z) are some given functions. Generally speaking, this problem has no

solution (i.e., the first condition for well-posedness according to Hadamard

is violated here). Yet, it is possible to find, using just the initial condition

u(z,T) = x(z) and proceeding from the time T to the past (t < T'), the

function ¢(x) = u(x,0), instead of setting this function. Yet, this problem

(analogous to the second variant) is unstable (i.e., the third condition of
well-posedness according to Hadamard is violated here).

—o<r<oo, 0<t<T, (4.4.16)

In the fourth variant of the problem, it is required to solve equation
(4.4.15) or (4.4.16) with just one boundary condition u(x,0) = ¢(z). This
problem is an ill-posed problem; the incorrectness here results from data
insufficiency.

In Section 4.7, some stable methods for solving the heat conduction
equation will be discussed.

4.4.3. Correctness or incorrectness
as dependent on the particular type of space

The problem for solving an equation can be a well- or ill-posed problem
depending on the particular types of the functional spaces in which the
solution is sought and the initial conditions are set. Moreover, different types
of equations display different “degree of ill-posedness”. Let us illustrate this
with several examples.

Example 4.4.7. Differentiation of an approzimate function f(x)
(Tikhonov and Arsenin, 1977). Let y(z) be the derivative of a function
fo), e y(z) = ().

A distorted function, for instance, the function f(z) = f(z) + Asinwz
differs from the function f(z) in the metric C by a finite value

I1F = flle = max |F(x) - f(a)| = max |Asinwa| = 4]

for any w.
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Yet, in the metric C' the derivative §(z) = f'(z) = f'(z) + Aw coswz
differs from y(z) = f'(x) by

j— — A = |Awl|:
17— vlc argggb\ wcoswr| = |Awl;

the latter quantity may appear arbitrarily large at sufficiently large values
of |w|. Thus, the differentiation problem generally does not possess the
property of stability in the space C| i.e., it presents an ill-posed problem
(the third condition of well-posedness according to Hadamard is violated
here).

Consider the same problem on the other pair of spaces, namely, as pre-
viously, we consider the difference between g(x) and y(z) in the space C,
i.e.,

15 = yllo = max [§(x) —y(=)],

whereas the difference between f(z) and f(z) in the space C'1) is
17 = Fllown = max [1f(@)  f@)] + 17 (@) ~ F )]

In the latter case, |7 — y|lc = |Aw| and

If — fllow = max [|[Asinwz| + |Aw coswz|] = |A] + |Aw].
a<z<b

Now, we cannot say that at the finite norm || f— f||q) the norm ||j—y|lc
can be arbitrarily large; we can just say that, with finite |A| and |w|, the
difference ||g — y||c will also be finite. In other words, the differentiation
problem in the pair of spaces (C,CWM) (with y(z) € C and f(z) € CW)
is a well-posed problem. The latter results from the fact that, having used
the space C1), we have imposed harder constraints on the function f(x)
compared to the case of the space C.

Remark. In the latter example, to imitate the error in the function f(z),
we used the deterministic function A sinwz. In practical problems, the error
is normally a random process, and a deeper analysis is necessary. Yet, the
qualitative conclusion that the differentiation problem can be correct or
incorrect depending on the particular pair of spaces on which this problem
is considered, remains valid.
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Example 4.4.8. Solution of the first-kind Fredholm integral equation

b
/ K(z,s)y(s)ds = f(x), c<x<d, (4.4.17)

and the first-kind Volterra integral equation
/ K(z,s)y(s)ds = f(z), a<xz<b. (4.4.18)

Similarly to Example 4.4.7, it can be shown (Verlan’ and Sizikov, 1986;
Apartsyn, 2003) that the solution of the first-kind Fredholm equation is un-
stable in any “rational” pair of functional spaces: (C, Lq), (Lo, L2), (C,C),
(C,CM), (W3, Ly), etc., i.e., the third condition (and also the first and sec-
ond conditions) of well-posedness according to Hadamard is violated here.

As for the first-kind Volterra equation, this equation is correct on the
pair of spaces (C,C)) (where y(s) € C and f(z) € CM) and incorrect
on the pair (C,C) (where y(s) € C, f(x) € C) (Apartsyn, 2003). In this
sense, the first-kind Volterra equation occupies an intermediate position,
for instance, between the first-kind Fredholm equation and the second-kind
Volterra equation

v + [ KGsys)ds = f@).  a<esh

whose solution presents a well-posed problem under rather weak constraints
imposed on to the kernel K(z,s) and on the function f(z) (Verlan’ and
Sizikov, 1986, p. 20).

Remark. Notice that the conditions for well- or ill-posedness of the dif-
ferentiation problem and for the solution of the first-kind Volterra equation
are identical conditions. The latter is related to the fact that the prob-
lem on determination of the n-th order derivative y(z) of a function f(x)
can be reduced to solving the following first kind Volterra integral equation
(Tikhonov and Arsenin, 1977)

[ eI =, ez
T y(s)ds = f(x), x> a,

with the additional condition f(a) = f'(a) = --- = f™® Y (a) = 0.
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Example 4.4.9. This example is an example taken from the problem
on reconstruction of blurred images (see Section 5.1). The starting equation
of the problem is the first-kind Volterra integral equation

r+A 1
/ N w(€)dé = g(x), -0 < T < 00, (4.4.19)

where g(x) = gy(x) is the intensity distribution on an image blurred by a
uniform rectilinear shift, w(§) = wy(€) is the sought intensity distribution
on the true (non-blurred) image, A is the shift magnitude, and the axes z
and y are directed along and normal to the blurring shift. In (4.4.19),
the quantity y is a parameter (at each y, one has to solve one-dimensional
equation (4.4.19)).

In terms of Apartsyn (2003), this equation is the non-classical Volterra
equation of the first kind (because both limits here are variable). Yet, as
it was shown by Apartsyn (2003) (see also Verlan’ and Sizikov, 1986), the
problem for solving non-classical equation, as well as the problem for solving
equation (4.4.18), is a well-posed problem on the pair of spaces (C, C(l)),
i.e., when w(¢) € C and g(x) € C), and an ill-posed problem on the pair
(C,C), when w(§) € C and g(z) € C.

Next, equation (4.4.19) can be transformed in an integral equation of
another type, namely, in the first-kind (convolution-type) Fredholm integral
equation:

/OO k(z — &w(§)dE = g(x), —00 <z < 00, (4.4.20)

—0oQ
where

k(z) = {UA’ —AszsO, (4.4.21)

0, otherwise.

The first-kind Fredholm equation (4.4.20) is incorrect in any pair of
spaces, in the pair (C, C’(l)) for instance. It should be noted here that
Fredholm equation (4.4.20) was obtained from Volterra equation (4.4.19) by
applying some equivalent transformations (see Section 2.2). Thus, this ex-
ample confirms the conclusion made in Chapters 1 and 2 that an equivalent
transformations can transform a correct equation in an incorrect equation,
and vice versa. Yet, in solving either of the equations, (4.4.19) or (4.4.20), by
the regularization method (see Section 4.7) both equations yield a stable so-
lution, i. e., regularization makes it possible to avoid detrimental effects that
may be induced by equivalent transformations (Danilevich and Petrov, 2000;
Petrov, 1998).
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Example 4.4.10. Determination of the unit impulse response g(t,T)
of a transducer by given input z(7) and output f(¢) signals bound up in
Volterra integral equation of the first kind (Boikov and Krivulin, 2000)

/tg(t,T) x(r)dr = f(t), 0<t<T. (4.4.22)
0

This problem is the problem for determining the kernel g(t,7) of the
integral equation using the given functions z(7) and f(¢). For solvability of
the problem, we consider the functions = and f as the functions of two vari-
ables, i.e., z = x(p,7) and f = f(p,t), where p is an additional parameter
(for instance, the effective width of the function z(7)), and rewrite (4.4.22)
in the form

t
/gmﬂxmrmTzﬂnm 0<t<T, a<p<b.
0

For every fixed ¢, the latter equation can be reduced to one-dimensional
first-kind Fredholm equation on the function g;(7):

Axmﬂmﬁmf=ﬁ@, a<p<h (4.4.23)

where x(p, 7) is a new kernel.

The main feature of the example is reduction of first-kind Volterra equa-
tion (4.4.22) to first-kind Fredholm equation (4.4.23), the “degrees of insta-
bility” of which, as it was noted above, are various.

Remark. An opinion can be expressed that it is possible to choose
an appropriate pair of functional spaces for solving a particular equation
so that to make the problem for solving this equation a well-posed prob-
lem (Lavrent’ev, Romanov, and Shishatskii, 1997, p. 8). For instance, one
can solve the first-kind Volterra integral equation not on the pair of spaces
(C,C), where the problem is incorrect, but on the pair (C, C(l)), where the
problem is correct. As it was shown above, the same is valid for the dif-
ferentiation problem. In a similar manner, one can choose an appropriate
pair of spaces for solving partial differential equations to make their solu-
tion a well-posed problem. Nonetheless, first, there exist equations whose
solution presents an ill-posed problem in any pair of spaces (an example is
the first-kind Fredholm integral equations, for instance) and, second, the
choice of the pair of spaces should not be made arbitrarily but, instead, it
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should be matched with specific features of the measurement procedure for
the function f(x) with due allowance for the experimental error 6 f(z). If
one supposes that f(z) € C, then this means that we are going to use the
estimated maximum measurement error

§=0f(2)c = Crgggdléf(w)l,

which can be readily obtained from the experiment. In a similar manner,
the error § can be estimated in the case of f(x) € Lo: in this case, the
error ¢ is the mean-root square error

5= 6f (@)1, = /|f )2dr)”

Yet, it is practically impossible to obtain an estimate of § in the case of

f(x) € M, where
5= 165 @)oo = max (165 + 165 @)])

That is why we will be unable to use the pair of spaces (C,C™1), and
will be forced to use instead the less desirable pair (C,C) or (C, L2). Note
that the value of ¢ is used in regularization methods intended for solving
ill-posed problems (see Section 4.7).

Below, we will show that: 1) if no solution exists (the first condition
for well-posedness according to Hadamard is violated), then some modifica-
tion of the Gauss least-mean-square method should be used (in this case,
a pseudo-solution will be obtained (see Section 4.6)); 2) if the solution is
not unique (the second condition for well-posedness according to Hadamard
is violated), then some modification of the Moore-Penrose pseudo-matrix
method should be used (here, the normal solution will be obtained (see
Section 4.6)); 3) if the solution is unstable (the third condition for well-
posedness according to Hadamard is violated), then it will be necessary to
use a stable (regular) method such as the Tikhonov regularization method
(in this case, the regular solution will be obtained (see Section 4.7)).

4.5. CLASSICAL METHODS FOR SOLVING FREDHOLM
INTEGRAL EQUATIONS OF THE FIRST KIND

Prior to discussing the stable (regular) methods for solving ill-posed prob-
lems, let us dwell on some classical methods; to make the narration more
convincing, we will treat the most unstable equation, namely, the first-kind
Fredholm integral equation.
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4.5.1. Quadrature method (Sizikov 2001, pp. 180-182)

Consider the Fredholm integral equation of the first kind

b
/ K(x,s)y(s)ds = f(x), c<z<d, (4.5.1)

where K (z, s) is the kernel, y(s) is the unknown function, f(z) is the right-
hand side, [a, b] is the domain of s, and [c,d] is the domain of z.

Suppose that, instead of f(z), a right-hand side f(z) distorted by mea-
surement errors is available, and, instead of K (z,s) the inaccurate K (z, s)
is known; then, under y(s), a function g(s) should be meant, representing
the solution distorted by errors that result from the right-hand side and
kernel inacuracies (and also from the errors brought about by the solution
algorithm). Hence, instead of (4.5.1), we must write:

b
/ K(z,s)j(s)ds = f(z), c <z <d; (4.5.2)

yet, to simplify notation, instead of (4.5.2) we will further use equa-
tion (4.5.1).

The essence of the quadrature method is as follows (Sizikov, 2001,
pp. 180-182).

1) We introduce a uniform node grid with steps As = h; = const and
Ax = hy = const along s and x, respectively. Then, the number of nodes
along s will be n = (b —a)/h1 + 1 and the number of nodes along z, m =
(d—c)/he + 1.

2) We replace the integral in (4.5.1) with a finite sum constructed by
some quadrature formula, for instance, by the trapezoid formula:

b n
/ K(x,s)y(s)ds ~ ijK(m,sj)y(sj),
a j=1

where
- J 05k, j=1 or j=n,
bi hi, otherwise,

sj=a+(j—1)hi.
3) We take into account the discretization along x:

T; =c+ (Z - 1)]7,2,
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and finally obtain a discrete analog of (4.5.1):
ZAijyj = Ji, i=1,...,m, (4.5.3)
=1

where A;; = pj K (x;,sj) are elements of an m x n matrix A, y; = y(s;), and
fi = f(zi).

As a result, we have a system of m linear algebraic equations (4.5.3) for n
unknowns y;. By solving this system, we can find the solution of (4.5.1) in
discrete numerical form.

Generally, the matrix A of system (4.5.3) is a rectangular matrix. If
m = n, then the matrix A is a square matrix and SLAE (4.5.3) can be solved
by the Cramer rule, Gauss methods, etc. If m > n, then SLAE (4.5.3) should
be solved by the Gauss least-squares method (see Section 4.6; in this case
we will obtain a pseudo-solution), and if m < n, then the Moore — Penrose
pseudo-inverse method is to be used (see Section 4.6; we will obtain the
normal solution). Thus, the first two conditions for well-posedness according
to Hadamard will be formally fulfilled.

Yet, all these solutions are very unstable, i.e., here the third condition
for well-posedness according to Hadamard will be violated. This instability
results from the fact that the inverse operator of equation (4.5.1) is infinite.
The latter is manifested in that the minimum singular number gy, of the
integral operator of (4.5.1) is zero, and the condition number is cond = cc.
If, alternatively, the integral operator is approximated with an algebraic
operator with finite m and n, then i, may happen to somewhat differ from
zero, but, nonetheless, the solution of (4.5.3) will again be very unstable.

Figure 4.2 show the solution of an example (given below in Section 4.7)
obtained by the quadrature method according to (4.5.3) with m = n = 137.
The exact solution y(s) is the sum of five Gaussians. The almost vertical
dashed curves show the approximate (discrete) solution y;, j = 1,...,n,
of (4.5.3).

We see that the solution y; emerges as the so-called modulated “saw”
of large amplitude (Tikhonov and Arsenin, 1977; Glasko, Mudretsova, and
Strakhov, 1987, p. 91) that has nothing in common with the exact solution.
Meanwhile, if, to check the solution, to insert the “saw” into (4.5.3), then we
obtain the right- and left-hand sides of (4.5.3) to be identical within three-
five digits provided that the calculations were performed on a computer
with ordinary accuracy (to seven accurate digits), or within 6-10 digits if
the calculations are performed with double accuracy (to 14 accurate digits).
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Figure 4.2. Instable solution of the Fredholm integral equation of
the first kind obtained by the quadrature method:

1 — exact solution y(s), 2 — right-hand side f(z), 3 — approximate
solution y;

Note that the shape of the “saw” depends on the particular method used to
solve the SLAE, on the computer program, etc.

From the aforesaid, the following conclusions can be drawn:

1) The quadrature method for solving the first-kind Fredholm integral
equation is rather an unstable method (i.e., the third condition for well-
posedness according to Hadamard is violated here). As applied to the
Volterra integral equation of the first kind, the quadrature method turns
out to be more stable (Verlan” and Sizikov, 1986, pp. 111-114, 120-123).

2) The classical definition of the exact solution g as a solution for which
the discrepancy between the two sides of the equation is zero,

|47 - 1l =0, (4.5.4)

is generally inappropriate for ill-posed problems. This is related with the
fact that: 1) in the case where no solution exists (see Example 4.4.1), there
is no such § that make equality (4.5.4) an identity; 2) in the case where
the solution is non-unique (see Example 4.4.2), there are many y satisfy-
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ing equality (4.5.4); 3) in the case of instability (see Example 4.4.3 and
Figure 4.2), criterion (4.5.4) yields an unstable solution.

4.5.2. Fourier transformation method for
convolution-type equations
(Verlan’ and Sizikov, 1986, pp. 256-259; Sizikov, 2001, pp. 182-184)

Consider the Fredholm integral equation of the first kind of convolution type
/ K(x — s)y(s)ds = f(x), —00 < T < 0. (4.5.5)

This equation has a solution that can be represented analytically as the
inverse Fourier transform (IFT):

y(s) = % /_OO Y (w)e ™ dw. (4.5.6)

Here, the spectrum, or FT, of the solution is

Y(w) = F(w)/Aw), (4.5.7)

where -
F(w) = /_ f(z)e™?® du, (4.5.8)
AMw) = /_OO K(z)e™" dx (4.5.9)

are the spectra, or FTs, of f(z) and K(z).

Yet, like the solution obtained by the quadrature method, solution (4.5.6)
is also very unstable; this fact can be explained as follows. Normally, the
kernel K (z) is set with the help of a smooth analytical formula whose spec-
trum A(w) rapidly decays with increasing |w| so that lim, . A(w) = 0.
The function f(z) is normally set as a tabulated sequence of experimen-
tal noise-distorted data; i.e., instead of the exact function f(z) we have
f(x) = f(z) + 0f(x), where §f(x) is some error whose spectrum normally
tends, as |w| — oo, to some yet small constant, a “white-noise” level. For
this reason, lim, .o F(w)/A(w) = lim, o Y (w) = 00, and integral (4.5.6)
diverges. In other words, instability of the FT method emerges owing to
the very strong response of high Fourier harmonics to arbitrarily small
measurement-induced errors of f(x).
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Alternatively, if the calculations are performed by finite quadrature for-
mulas, then, instead of the continuous Fourier transforms (CFT) F(w), A(w)
and Y (w), their discrete Fourier transforms (DFT) are used (Sizikov, 2001;
Bracewell, 1986; Vasil’ev and Gurov, 1998; Rabiner and Gold, 1975). In the
latter case, the maximum Fourier frequency is finite: wpyax = 27/h, where
h = Axz = As is the discretization step. As a result, the solution instability
decreases, but still remains large.

Solution of several examples shows that the F'T method yields a more sta-
ble solution compared to the quadrature method; the latter can be attributed
to the fact that, first, the FT method yields analytical solution (4.5.6) and,
second, in the numerical realization of the F'T method, high Fourier frequen-
cies turn out to be automatically cut out from the spectrum because of the
discretization step h is finite.

4.6. GAUSS LEAST-SQUARES METHOD
AND MOORE-PENROSE INVERSE-MATRIX
METHOD

Consider, with the examples of a system of linear algebraic equations
(SLAE) and an integral equation, the Gauss least-squares method (LSM)
(Bronshtein and Semendyaev, 1986, p. 521; Sizikov, 2001, pp. 186-188),
and also the Moore-Penrose pseudo-inverse matrix method (Verlan’ and
Sizikov, 1986, p. 508; Sizikov, 2001, p. 189; Voevodin, 1980; Gant-
macher, 1959).

4.6.1. Overdetermined SLAE

Consider a system of m linear algebraic equations (SLAE) for n unknowns
such that m > n and rang (A|f) > rang (A) or, which is equivalent, such
a system in which the number of independent rows is greater than n, i.e.,
consider an overdetermined SLAE (system (4.4.2), for instance):

Ay = f, (4.6.1)

where A is an m X n-matrix; y is the unknown n x 1 column vector; and f
is the set right-hand side, an m x 1 column vector. Such an SLAE has no
solution; in other words, there is no 3 such for which the discrepancy turns
into zero:

|Ay — f]| = 0. (4.6.2)
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4.6.2. Pseudo-solution and normal SLAE

In the Gauss least-squares method (LSM), instead of (4.6.2), the following
condition is introduced:
4y — | = min. (463)

Definition. Pseudo-solution of (4.6.1) is a solution y that satisfies con-
dition (4.6.3), i.e., the solution that minimizes the discrepancy || Ay — f||.

Thus, in the LSM the condition of zero discrepancy is replaced with the
condition of minimum discrepancy, and, instead of the exact solution ¥, a
pseudo-solution y is considered. Normally, the norm || Ay — f|| is considered
in the space R™ (see (4.2.2)), and the method is therefore called the least-
squares method.

Remark. If ||[Ay — f|| = 0, then the pseudo-solution y coincides with
the exact solution 7, i.e., the pseudo-solution presents a generalization of
the notion of exact solution.

We write condition (4.6.3) as

|4y I = min. (4.6.4)

Let us derive a new SLAE from condition (4.6.4). Minimization of (4.6.4)
implies that the variation, or derivative, of the discrepancy with respect to y
(also called the Frechet derivative (Tikhonov, Goncharsky, Stepanov, and
Yagola, 1995) is zero: 2A*(Ay — f) =0 or A*Ay — A*f = 0. As a result, we
obtain:

AAy = A*f. (4.6.5)

Thus, instead of the overdetermined SLAE (4.6.1) we have a new
SLAE (4.6.5), called the normal SLAE.

We write (4.6.5) as
By = u, (4.6.6)

where
B = A*A, (4.6.7)

u=A*f (4.6.8)
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or, provided that the matrix A is a real matrix,
B=ATA, (4.6.9)
u=A'f. (4.6.10)

We use rule (4.2.3) of multiplication of matrices and rule (4.2.4) of mul-
tiplication of a matrix by a vector, and write detailed expressions for the
elements of the new matrix B and for the elements of the new right-hand
side u of normal SLAE (4.6.6) in the case of real A:

Bij =Y Al Ak =Y AriAk, (4.6.11)

k=1 k=1
wi=>> Apfe=>_ Akifr. (4.6.12)

k=1 k=1

Formally, the solution of (4.6.5) or (4.6.6) is
y=(A"A)ATf (4.6.13)
or

y=Blu. (4.6.14)

In practice, this solution can be found by the Cramer rule, Gauss method,
Cholesky method, or other algorithms.

4.6.3. LSM as applied to integral equations

If we apply the Gauss LSM to the first-kind Fredholm equation (4.5.1), we
obtain the following new integral equation (cp. (4.6.6)):

/bB(t, s)y(s)ds = u(t), a<t<b, (4.6.15)
where (cp. (4.6.11) and (4.6.12))

d
B(t,s) = B(s,1) = / K (2,0)K (z, ) da, (4.6.16)

d
u(t) = / K (1) f(z) da- (4.6.17)
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The main specific features of the Gauss LSM are as follows:

1) The matrix B of the new (normal) SLAE (4.6.6) is an n X n square
matrix, i.e., to be solved is a new system of n equations for n unknowns; if
det(B) # 0, then SLAE (4.6.6) has a unique solution.

2) The matrix B of the new SLAE (4.6.6), and also the kernel B(t, s)
of the new integral equation (4.6.15) both are symmetrical and positively
defined elements. That is why the most appropriate strategy here is to solve
SLAE (4.6.6) by special methods (Cholesky method, Kraut method, etc.),
and not by the general methods (Cramer method, Gauss method, etc.). The
same applies to the solution of the SLAE obtained in solving the new integral
equation (4.6.15) by the quadrature method.

3) Provided that the solutions of the starting SLAE (4.6.1) and integral
equation (4.5.1) are both unstable, then the solution of the new SLAE (4.6.6)
and the solution of the integral equation (4.6.15) are also unstable, i.e., the
LSM does not solve the problem of instability.

Example. To illustrate the LSM, consider Example 4.4.1 (cp. (4.4.2)).
The matrix of (4.4.2) is

A=|-1 2 |. (4.6.18)

Using formulas (4.6.11) and (4.6.12) we obtain

6 —4
B= (_4 29) : (4.6.19)

4
u= <78 > : (4.6.20)

i.e., the new (normal) SLAE is

6y1 — 4y2 = 4, }

(4.6.21)
—4y1 + 29y, = T8.

The solution of this SLAE is y; = 2.71 and y3 = 3.06. To this solution,
the (minimum possible) discrepancy ||Ay — f|| = 0.3993 =~ 0.4 corresponds
(according to (4.2.2)). By solving the characteristic equation for the matrix
B=A*A
6— A —4

4 29—\

)
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we find the eigenvalues of B: A\i(B) = 29.675 and \2(B) = 5.325. We see
that A1 and A9 are real and nonnegative numbers, as it should be for the
symmetric positively defined matrix B = A*A.

Consider now the Moore-Penrose pseudo-inverse matrix method
(PIMM). As with the Gauss LSM, consider first the PIMM as applied to
solving SLAEs (Verlan’ and Sizikov, 1986, p. 508; Sizikov, 2001, pp. 189-191;
Voevodin, 1980; Gantmacher, 1959).

4.6.4. Underdetermined SLAE

Consider an SLAE
Ay =f, (4.6.22)

where A is an m X n-matrix; y is the unknown n-vector; and f is the right-
hand side of the equation, an m-vector such that m < n, or p < n, where
p = rang (A|f) is the rank of the extended matrix. Such an SLAE is called
an underdetermined SLAE.

An underdetermined SLAE has many solutions ¢; hence, the second
condition for well-posedness according to Hadamard is violated here. For
instance, SLAE (4.4.3) has the following solutions: 1) g1 = {1,2}T, 2)
72 = {2,8/3}7, 3) 3 = {0,4/3}7, etc. Each of these solutions makes
equality (4.6.2) an identity.

4.6.5. Normal solution and pseudo-inverse matrix

The choice of a single solution from the whole set of solutions of the underde-
termined SLAE can be made by means of the Moore—Penrose pseudo-inverse
matriz method (PIMM) (1930).

Definition. The normal solution is the solution with the minimum norm
among the whole set of solutions; in other words, this solution satisfies the
condition

lyll = min (4.6.23)

or
[y]*> = min . (4.6.24)
y
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The normal solution is the smoothest solution among all solutions.

According to PIMM, the normal solution is to be chosen from the
set of all solutions of the underdetermined SLAE. It is proved by Gant-
macher (1959) that the normal solution exists and is unique; it can be found
by the formula

y=A"f, (4.6.25)

where AT is the Moore—Penrose pseudo-inverse n x m-matriz. The ma-
trix AT is defined by the relation

AATA=A (4.6.26)
or by the asymptotic formula

At = lim (0. + A*A) T Ax (4.6.27)

There exists a unique pseudo-inverse matrix A" defined by relation (4.6.26)
or (4.6.27).

Yet, the matrix A™ is inconvenient to find by relation (4.6.26) or (4.6.27).
In practice, the matrix A™ can be most easily found by the formula (Verlan’
and Sizikov, 1986, p. 508; Gantmacher, 1959)

AT =c*(cc*)"Y(B*B)'B*, (4.6.28)

where A = BC is a skeleton (ambiguous) product decomposition of the
matrix A, in which B is some non-degenerate m x r-matrix; C' is some
r X n-matrix equal to C = B™'A; and r = 74 = rg = rc, where r4, 75,
and r¢ are the ranks of the matrices A, B, and C, respectively. Different
skeleton product decompositions of A yield one and the same pseudo-inverse
matrix A™.

In the case of a square nondegenerate matrix A we have AT = A~!, and
in the case of an overdetermined system, At = (A*A)~1A* (cp. (4.6.13)),
i.e., notation (4.6.25) is common for overdetermined, determined, and un-
derdetermined SLAEs. Moreover, solution (4.6.25), which can be appropri-
ately written in the form y™ = A1 f (where y* is the normal solution), pro-
vides for [[Ay™ — f|| = 0, i. e., this solution is a pseudo-solution (cp. (4.6.3)).
Here, among all pseudo-solutions (numerous in the case of an overdetermined
SLAE) the solution y*, as the normal solution, has the least norm. In other
words, the normal solution is simultaneously a pseudo-solution. That is why
the normal solution is also called the normal pseudo-solution (the smoothest
solution among the set of all pseudo-solutions). The normal pseudo-solution
exists and is unique.
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Example. By way of example, consider the underdetermined
SLAE (4.4.3). In Section 4.4, several solutions of this SLAE were given:
1) y1. = 1, yo = 2, the norm of the solution (defined by (4.2.2)) is
Iyl = V12 +22 = 2.24; 2) y1 = 2, yo = 8/3, |lyll = 3.34; 3) y1 = 0,
y2 =4/3, [lyll = 1.33.

Let us find the normal solution of (4.4.3) using formulas (4.6.25)
and (4.6.28). In this example, m = 1, n = 2, the matrix A = (2 — 3),
and the rank r4 = 1. We use the skeleton product decomposition A = BC,
where B is some 1 x l-matrix (i.e., a scalar) and C' is some 1 X 2-matrix
(i.e., a row vector); in this case, r = r4 = rp =r¢c = 1. We set B = b,
where b # 0 is some number. Then, C = B~'4 = (2/b — 3/b),

2b/13

CT(CCT)_l — (
—3b/13

) , (B"B)"'BT = (1/b).

Formula (4.6.28) yields for any b:

At=cT(cc)y Y (B"B)'B" = < 2/13 ) .
~3/13

Since the right-hand side is f = (—4), then, according to (4.6.25), the normal

solution is
—-8/1
Y= AT f = 8/13 '
12/13

Thus, the normal solution of (4.4.3) is y1 = —8/13 = —0.615 and y2 =
12/13 ~ 0.923, and the norm of this solution is ||y|| ~ 1.113 = min. The
check of the solution is ya = (2y; +4)/3 = 12/13.

Next, we have

A= (2 -3), A*::<2 ), At4::<4 _6>.
-3 -6 9

The characteristic equation
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yields the roots A\j (A*A) = M(A*A)max = 13 and Ag(A*A) = AN(A*A)pin = 0.
Hence, the singular numbers here are

,Uf(A)maX =V 137 M(A)mln = 07
and the condition number and the determinant are

cond (A) = (A)max/1(A)min = 00, det(A*A) =0,

1 is non-

i.e., the matrix A*A is degenerate and the inverse matrix (A*A)~
existent: its norm is [[(A*A)7Y| = 1/u(A)min = oo. In other words,
SLAE (4.4.3) is an unstable SLAE (not only the second, but also the third

condition for well-posedness according to Hadamard is violated here).

4.6.6. PIMM as applied to other equations

The above pseudo-inverse matrix method can also be employed if (4.6.22)
is an arbitrary equation, for instance, the first-kind integral Fredholm equa-
tion (4.5.1), differential equations (4.4.9), (4.4.11), (4.4.13) and (4.4.15),
operator equation (4.4.1), etc. In this case, to be chosen as the solution of a
particular (integral, differential, operator, etc.) equation is the normal solu-
tion y that satisfies condition (4.6.23) and can be found by formula (4.6.25),
where AT is the pseudo-inverse operator defined by (4.6.27) or (4.6.28). For
more detail see Section 4.7.

4.6.7. General conclusion

From this section, the following conclusion can be drawn: with the so-called
normal pseudo-solution (the smoothest pseudo-solution among the whole
set of pseudo-solutions), the first two conditions of well-posedness according
to Hadamard (solution existence and solution uniqueness) will be satisfied.

Yet, neither LSM nor PIMM solves the problem of solution instability,
i.e., generally speaking, with these methods the third condition for well-
posedness according to Hadamard is not fulfilled. How the problem of sta-
bility can be solved will be discussed in Sections 4.7 and 4.8.

4.7. TIKHONOV REGULARIZATION METHOD

In this section, we will consider one of most powerful method for
solving ill-posed problems, namely, the Tikhonov regularization method
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(Bakushinsky and Goncharsky, 1994; Verlan’ and Sizikov, 1986; Ivanov,
Vasin, and Tanana, 2002; Lavrent’ev, Romanov, and Shishatskii, 1997;
Sizikov, 2001; Tikhonov and Arsenin, 1977; Tikhonov, Goncharsky,
Stepanov, and Yagola, 1995; Vasilenko, 1979; Voskoboynikov, Preobrazhen-
ski, and Sedel'nikov, 1984; Lavrent’ev, 1981; Morozov, 1984; Tikhonov,
Leonov, and Yagola, 1997), and show how this method can be applied to
solving various equations. The Tikhonov regularization method presents
further development of the Gauss least-squares method (LSM), which
gives a pseudo-solution, and the Moore—Penrose pseudo-inverse matrix
method (PIMM), which gives the normal solution.

4.7.1. Essence of the method

To begin with, consider the Tikhonov regularization method as applied to
the first-kind operator equation

Ay = f, yeyY, feF, (4.7.1)

where Y and F' are some metric spaces, A : Y — F'is some linear operator
that acts from Y into F', f € F is a given element (right-hand side of the
equation), and y € Y is the sought element (solution). Let, instead of the
exact f and A, known are their approximations f and A such that

IF = fll <6,
1A Al <¢,

where > 0 and £ > 0 are the errors in setting f and A, or, more precisely,
their upper bounds. Thus, instead of (4.7.1), it is required to solve the
equation

Aj=f, geY, feF (4.7.2)

Remark. If under operator equation (4.7.1) an integral equation is
meant, then the error § in setting the right-hand side f of the integral
equation arises from the measurement error of f, and the error £ of the
operator A, from the uncertainty of the kernel K(xz,s) and from the error
brought about by the numerical solution algorithm, for instance, by the er-
ror brought about by the quadrature method. If, alternatively, we deal with
SLAE, then ¢ is the error in setting the right-hand side vector, and £ is
the error in setting the elements of the matrix A. If, alternatively, we deal
with homogeneous differential equations (Laplace equation, heat conduction
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equation, etc.), then § = 0, and £ is the error in setting the boundary condi-
tions plus the uncertainty brought about the numerical solution algorithm,
for instance, that of the grid method.

To simplify notation, we will subsequently use notation (4.7.1), bearing
in mind that, in fact, we consider equation (4.7.2).

In Section 4.4, the classical (proposed by Hadamard) definition of well-
posedness was given. A.N. Tikhonov gave a new definition of well-posedness,
later called by M. M. Lavrent’ev the well-posedness according to Tikhonov.

Definition. The problem for solving equation (4.7.1) is called a con-
ditionally well-posed, or Tikhonov-well-posed problem if (Ivanov, Vasin, and
Tanana, 2002; Lavrent’ev, Romanov, and Shishatskii, 1997; Tikhonov and
Arsenin, 1977):

1) it is known a priori that the solution y exists and belongs to a certain
set (correctness set) M C Y: y € M;

2) the solution is unique in the class of functions belonging to M, i.e.,
the operator A is invertible on the set M;

3) the solution y depends on f continuously or, in other words, arbitrarily
small variations of f that do not expel the solution y beyond the limits of M
result in arbitrarily small variations of v, i.e., the inverse operator A~! is a
continuous operator.

The difference between the conditional correctness (according to
Tikhonov) and the classical correctness (according to Hadamard) consists in
the introduction of the correctness set that substantially narrows the class
of possible solutions.

The most typical example of correctness set is a compact (Tikhonov,
Goncharsky, Stepanov, and Yagola, 1995) (examples of compacts are the
set of functions monotonically bounded from above and below, the set of
bounded convex functions, etc.). Yet, in the majority of applied problems
the class of possible solutions Y is not a compact (i.e., it is impossible to
impose, based on physical considerations, any hard constraints on the solu-
tion) and, in addition, variations of the right-hand side f of equation (4.7.1)
resulting from its errors can expel f beyond the limits of the set AY, the
image of the set Y mapped by the operator A. Such problems are called
essentially ill-posed problems (Tikhonov and Arsenin, 1977).

A.N. Tikhonov developed (Tikhonov and Arsenin, 1977) a fundamen-
tally new approach yielding stable solutions of essentially ill-posed problems.
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This approach is based on the notion of regularizing operator (RO), or reg-
ularizing algorithm (RA).

In the Tikhonov regularization method, two conditions are set, the con-
dition of minimum discrepancy of type (4.6.4), as in the Gauss LSM, and
the condition of minimum solution norm of type (4.6.24), as in the Moore—
Penrose PIMM. As a consequence, we arrive at a conditional-minimization
problem to be normally solved by the Lagrange method of undetermined
multipliers; namely, to be satisfied is the minimization condition for the
smoothing functional:

|4y = FI” + allyl* = min, (4.7.3)

where a > 0 is the regularization parameter that plays role of a Lagrange
undeterminate multiplier (remarks concerning the choice of a will be given
below). Condition (4.7.3) yields the Euler-Tikhonov equation (cp. (4.6.5))
(Tikhonov and Arsenin, 1977)

(aE + A*A)y, = A* f, (4.7.4)

where FE is the unit operator (Ey = y). Thus, instead of first-kind equation
(4.7.1) we have second-kind equation (4.7.4).

4.7.2. Brief analysis of the method

Let us consider condition (4.7.3) and equation (4.7.4).

If @ = 0, then the Tikhonov regularization method passes into the Gauss
LSM with the minimum discrepancy || Ay — f||? and very unstable solution.
As the value of « increases, the solution y, becomes smoother and more
stable, i.e., the solution norm ||y,||?> decreases, although the discrepancy
increases. The truth is somewhere in the middle; i.e., at some moderate «
the solution y, will display some moderate smoothness and some moderate
discrepancy.

If 6, — 0, then o — 0 and

Yo = lin%(ozE + A*A) LA f = ATF (4.7.5)

(cp. (4.6.27)); i.e., the solution y, passes into the normal pseudo-solution.
Thus, the Tikhonov regularization method presents a generalization of the
Gauss least-squares method and the Moore—Penrose pseudo-inverse operator
method.
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The Tikhonov regularization method is a stable method, i. e., with it, the
third condition for well-posedness according to Hadamard is fulfilled; this
stability can be mathematically explained as follows. The operator A*A
in (4.7.4) is a symmetric positively defined operator, and all eigenvalues of
this operator are therefore real and nonnegative numbers, \;(A*A) > 0, and,
in addition, A(A*A)min = 0. The involvement of the addend aF in (4.7.4)
makes all A\;(A*A) greater by a and, hence, A(aF + A*A)min = . As a
consequence, the operator aF + A*A becomes an invertible operator, the
norm of the inverse operator |[(aE+ A*A)~Y|| = 1/a # oo, and the problem
becomes a stable problem.

The solution of (4.7.4) is
Yo = (F + A*A)1A* £, (4.7.6)

A matter of importance here is the choice of the regularization parame-
ter a. Several ways for choosing « in the Tikhonov regularization method
were developed. Consider two of these ways.

The first one is the discrepancy principle (Verlan’ and Sizikov, 1986;
Tikhonov and Arsenin, 1977; Morozov, 1984). In this wasy, the value of «
is to be chosen from the condition (at £ = 0)

[Aya — fll = 6. (4.7.7)

If ||f|| > ¢, then there exists a unique solution of (4.7.7) with respect to a.
With £ # 0, the discrepancy principle passes into the generalized discrepancy
principle (Tikhonov, Goncharsky, Stepanov, and Yagola, 1995). Here, it
is conventional practice to subdivide all ways for choosing a that use the
errors ¢ and £ into two types of ways, namely, into a priori and a posteriori
ways (Tikhonov, Leonov, and Yagola, 1997). Both the discrepancy principle
and the generalized discrepancy principle are a posterior: ways.

The second one is the fitting (inspection) way (Sizikov, 2001; Belov and
Sizikov, 2001; Sizikov, Akhmadulin, and Nikolaev, 2002; Sizikov and Belov,
2000). In this way, to be found are solutions y, for several values of « in
the “reasonable” interval; afterwards, the final choice of « is to be made
based not on mathematical criteria but on physiological perception criteria.
This way closely resembles the TV contrast tuning procedure. Indeed, as the
value of « decreases, then the solution y, becomes more unstable (the picture
contrast increases, provided that under the picture the function y, is meant);
and vice versa, as the value of « increases, then the solution y, becomes more
smooth (the picture contrast decreases). In spite of its simplicity, the fitting
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way proved to be a highly efficient method in solving such problems as the
reconstruction of blurred and defocused images (see Sections 5.1 and 5.2),
obtaining x-ray tomograms (see Section 5.3), etc.

Other ways for choosing the value of the regularization parameter « in-
clude the way of the quasi-optimal (quasi-best) value, the ratio way, the
way of independent realizations, the cross-validation method, the model-
ing way, etc. (Verlan’ and Sizikov, 1986; Tikhonov and Arsenin, 1977,
Voskoboynikov, Preobrazhenski, and Sedel’nikov, 1984).

Below, we will consider the Tikhonov regularization method as applied
to stable solution of various equations (integral equations, SLAE, differential
equations, etc.).

Remark. Apart from the Tikhonov regularization method, the fol-
lowing stable methods were developed for solving first-kind equations (in-
tegral, algebraic, and differential equations): the regularization methods
(Lavrent’ev, Bakushinsky, Denisov), the iterative-regularization methods
(Fridman, Morozov, Vainikko, Bakushinsky, Emelin, Krasnosel’skii), the
local-regularization methods (Arsenin, Voiskoboinikov, Sizikov), the Ivanov
quasisolution method, the Tikhonov solution-on-the-compact method, the
Morozov descriptive regularization method, etc. (Verlan’ and Sizikov,
1986; Ivanov, Vasin, and Tanana, 2002; Lavrent’ev, Romanov, and
Shishatskii, 1997; Tikhonov, Arsenin, and Timonov, 1987; Tikhonov, Gon-
charsky, Stepanov, and Yagola, 1995; Voskoboynikov, Preobrazhenski and
Sedel’nikov, 1984; Lattes and Lions, 1969; Morozov, 1984). These are de-
terministic regularization methods. One has also developed the statistical
reqularization methods (Turchin, Khalfin, Lavrent’ev, Zhukovskii), the op-
timal filtration methods (Wiener, Kalman), the suboptimal filtration meth-
ods (Brunner, Sizikov), etc. (Verlan’ and Sizikov, 1986; Voskoboynikov,
Preobrazhenski, and Sedel'nikov, 1984; Brunner and Sizikov, 1998). Of
these methods, in the present monograph only the Tikhonov regularization
method will be considered.

4.7.3. Solving the Fredholm integral equation of the first kind

Consider the Fredholm integral equation of the first kind

b
Ay = / K(z,s)y(s)ds = f(x), c<z<d. (4.7.8)
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The Tikhonov regularization method as applied to equation (4.7.8) yields
the second-kind Fredholm integral equation (cp. (4.6.15) and (4.7.4)):

aya(t) + /b R(t,s)ya(s)ds = F(t), a<t<b, (4.7.9)

with some new (symmetric and positively defined) kernel (cp. (4.6.16))
d
R(t,s) = R(s,t) = / K(z,t)K(x,s)dx (4.7.10)
C

and with some new right-hand side (cp. (4.6.17))

d
F(t) = / K(z,8)f(z)d. (4.7.11)

Numerical algorithm. Consider the numerical solution of integral
equation (4.7.9). We will dwell here on the quadrature method, one of most
powerful solution algorithm for this equation (Verlan’ and Sizikov, 1986,
pp- 249-251; Sizikov, 2001, p. 195; Tikhonov, Goncharsky, Stepanov, and
Yagola, 1995).

Suppose that the right-hand side f(x) is given in tabulated form on the
following, generally speaking, non-uniform z-grid of nodal points:

c=x1<x2<23< <3 =d, (4.7.12)

and the solution y,(s) is sought on another non-uniform s-grid of nodal
points coincident with the ¢-grid:

a281:t1<82:t2<83:t3<"'<Sn:tn:b, (4.7.13)

and, in addition, [ < n.
Then, we apply some quadrature formula, in particular, the trapezoid
formula, to the integral in (4.7.9) and obtain:

n
aye + Y riRejy; = Fy, k=1,...,n, (4.7.14)
j=1
where yr = Yaltr), ¥j = Ya(sj), Rrj = R(tk,s;), and F, = F(t}). In a
similar manner, we approximate the integrals in (4.7.10) and (4.7.11) with
finite sums by the quadrature formula and obtain:

l

i=1
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!
Fy, = ZpiKikfia k=1,...,n, (4.7.16)
i=1

where K, = K (x4, t), Kij = K(x,55), and f; = f(x;). In (4.7.14)-(4.7.16),
r; and p; are the quadrature coefficients.

Notation (4.7.14) presents a SLAE with respect to y;, j = 1,...,n.
Details concerning the numerical algorithm can be found in Verlan’ and
Sizikov (1986, pp. 249-251).

Programs. In Verlan’ and Sizikov (1986, pp. 371-379), the TIKHI,
TIKH2, TIKH3, TIKH4 and TIKH5 programs, and in Tikhonov, Gon-
charsky, Stepanov, and Yagola (1995), the PTIMR and PTIZR pro-
grams written in the FORTRAN computer language and implementing the
Tikhonov regularization method according to formulas of type (4.7.12)—
(4.7.16) with different choices of «, are presented.

Numerical example. Let us give some results of solution of integral
equation (4.7.8) by the Tikhonov regularization method. Consider a model
example (Sizikov, 2001, pp. 198, 199), in which the exact solution was set
as a superposition of five gaussians:

y(s) = 6.56—[(3—&-0.66)/0.085}2 + ge—[(s+0.41)/0.075]2

+ 126—[(3—0.14)/0.084}2 + 146—[(5—0.41)/0.095}2 + 96—[(5—0.67)/0.065]2’

a=—0.85,b=0.85 c=—1,d =1, the kernel

K(z,s) = \/q/m e 192/ (0+%)

where the exact value of ¢ is ¢ = 59.924. The discretization steps are
Azxr = As = const = 0.0125, and the numbers of nodes are | = 161 and
n = 137.

First, the direct problem was solved. The values of f;, i =1,...,[, were
calculated by the trapezoid quadrature formula

N
fi= ijK(ﬂfi’ 55)y(s5)
i=1

with a step much lesser than As = 0.0125, i.e., with N > n. Then, the
RNDAN program (random-number generator) (Sizikov, 2001, p. 152) was
used to add to the values of f; the errors §f; distributed by the normal
law with zero average and with the root-mean-square deviation equal to
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Figure 4.3. Solution of the Fredholm integral equation of the first
kind obtained by the Tikhonov regularization method:

I—y(s), 2— f(@), 3— yals)

0 = 0.0513; the latter value corresponds to the relative right-hand side error
of 01 ~ 1 %.

Afterwards, the inverse problem was solved. The exact value of ¢ was
replaced with an approximate value § = 60; this replacement corresponds
to &l &~ 1%. To solve the example, the TIKH2 and TIKH3 programs
were used. The value of the regularization parameter a was chosen by the
modeling way (by solving several close model examples) with the help of
the TIKH2 program: o = 1073 . Then, the TIKH3 program was used to
find the solution y,(s). The exact solution y(s), the exact right-hand side
f(z), and the regularized solution y,(s) are shown in Figure 4.3 (the solution
obtained for this example without regularization is shown in Figure 4.2).

This example is typical, for instance, for the hydroacoustic problem (re-
duction of extended signals (Sizikov, 2001, pp. 114-115)). The function y(s)
is the sound-field intensity dependent on the direction s; the function K(x, s)
is the directional characteristic of an antenna (by power) used to measure
the field; and f(z) is the measurement result (indicator process). In the
problem, it is required to mathematically reconstruct the input field y(s)
from the measured function f(x) and from the known (with some error)
function K (z, ).

Here, the unknown field y(s) displays considerable fluctuations. Yet, the
measured function f(z), first, shows almost no fluctuations due to the finite
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width of the directional characteristic K (x,s) and, second, this function is
distorted with measurement errors.

Figure 4.3 shows that, with the Tikhonov regularization method, the
field y(s) at the antenna input could be reconstructed rather accurately. In
other words, the meter (antenna) connected to a computing device (com-
puter, specially designed processor, etc.) with a program implementing the
Tikhonov regularization method, offers a new measuring means that enables
a better resolving power.

This example can also be interpreted as an example from the inverse
spectroscopy problem (Sizikov, 2001, p. 79), assuming that the variable x,
and also the variable s, is the frequency (or wavelength); the function y(s)
is the true distribution of the intensity over the spectrum; K(z,s) is the
frequency characteristic (FC) of the spectrometer; and f(x) is the measured
spectrum. In the case under consideration, it is required to mathematically
reconstruct the true spectrum y(s) from the measured spectrum f(z) and
the known FC, thus improving the resolving power of the spectrometer.

Among many other problems, the above (hydroacoustic and spec-
troscopy) problems are problems that illustrate the so-called Rayleigh re-
duction problem (Sizikov, 2001, p. 111).

Consider an important particular case of equation (4.7.8), the one- and
two-dimensional first-kind convolution-type Fredholm integral equations.

Tikhonov regularization method as applied to first-kind
convolution-type integral equations. Consider the one-dimensional
first-kind convolution-type Fredholm integral equation:

Ay = /OO K(z —s)y(s)ds = f(x), —00 < T < 00. (4.7.17)

In Section 4.5, we saw how this equation can be solved by the Fourier
transformation method and showed that the solution thus obtained is un-
stable, this instability resulting from the strong sensitivity of high Fourier
harmonics to errors in setting the right-hand side f(x) of the equation.

The Tikhonov regularization method offers a stable algorithm for solving
equation (4.7.17). According to this method, the stable solution of the
equation is to be found from the minimum condition for the smoothing
functional (cp. (4.7.3))

/OO [Ay — f(2)])* dz + a/_oo M (W)Y (w)]*dw = rrzin, (4.7.18)

—00
where

M(w) = |w|* (4.7.19)
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is the gq-order regularizer, where ¢ > 0 is some set regularization order, for
instance, ¢ = 1.

Condition (4.7.18) yields the following expression for the reqularized so-
lution (cp. (4.5.6)):

Ya(s) = L /OO ACWIFW) s dw, (4.7.20)

21 J_ oo L(w) + aM (w)

where -
Mw) = / K(z)e™* du, (4.7.21)
F(w) = /_OO f(z)e™ dx (4.7.22)

are the spectra, or Fourier transforms, of the kernel K (z) and the right-hand
side f(z) and

L(w) = [AMw)* = Mw)A(—w) = Re? AMw) + Im? A(w). (4.7.23)

Compare the classical solution (4.5.6) and the regularized solu-
tion (4.7.20). In (4.7.20), the subintegral function vanishes as |w| — oo due
to the term aM (w), which suppresses the response of high Fourier harmon-
ics to the error in setting the right-hand side f(x); the larger the values of «
and ¢, the more pronounced this suppression is. The larger ¢, the stronger
is the suppression of high harmonics in the solution in comparison with low
harmonics; the parameter o determines the global suppression: an increase
in « suppresses all harmonics. That is why, considering ¢, one has to apply
the following rule: if the sought solution contains a fluctuating component
(and, hence, the solution spectrum contains a high-frequency component),
then the value of ¢ is to be reduced, for instance, to ¢ = 1; otherwise, if
the solution is smooth (and its spectrum contains no high-frequency har-
monics), then the value of ¢ is to be increased, for instance, to ¢ = 2. As
for o, the ways in which this parameter can be chosen are the same as for
equation (4.7.9) (the discrepancy principle, the fitting way, etc.).

Numerical algorithm for finding the solution y,(s) can be obtained by
replacing integrals (4.7.20)—(4.7.22) with finite sums (according to the rect-
angle formula, trapezoid formula, etc.). As a result, continuous Fourier
transformations (CFT) will be replaced by discrete Fourier transforma-
tions (DFT) and even by fast Fourier transformations (FFT) (Sizikov, 2001,
pp. 166-170; Rabiner and Gold, 1975).
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The following programs for solving equation (4.7.17) by the Tikhonov
regularization method were developed: PTIKR (Tikhonov, Goncharsky,
Stepanov, and Yagola, 1995), CONV1, CONV2, CONV3, CONV4, CONV5
(Verlan’ and Sizikov, 1986, pp. 379-388), etc.

Numerical example. Consider solution results for the following exam-
ple (Sizikov, 2001, pp. 201, 202; Brunner and Sizikov, 1998) (close to the
example of Tikhonov, Goncharsky, Stepanov, and Yagola (1995)):

1
/ Kt —y(r)dr = f(1),  0<t<2, (4.7.24)
0
where the (difference) kernel is
k(t) = e780(t70.5)27

the exact solution is

1= (o150 [- (7522 o [ (9 T (50

and the local supports (carriers) (intervals of, generally speaking, nonzero
values of the functions) are suppk(t) C [0,1], supp f(¢) C [0,2], and
suppy(7) C [0,1]. Although the ranges of 7 and ¢ in equation (4.7.24)
are finite, this equation is a convolution-type equation since outside the 7-
and t-intervals (local supports) the functions k(t), f(¢) and y(7) are zero,
i.e., as a matter of fact, the ranges of 7 and ¢ are infinite.

According to the discretization technique for the problem of (Tikhonov,
Goncharsky, Stepanov, and Yagola, 1995), instead of (4.7.24) we solved the
equation

L5
/ k(t —1)y(r)dr = f(t), 0<t<2,
-05
with new supports of identical lengths: supp k(t) C [—0.5,1.5], supp f(¢) C
[0,2], and suppy(7) C [-0.5,1.5]. The number of discretization nodes was
set equal to N = 64. The discretization step was h = 2/N. The grid nodes
along k and y were t; = —0.5+h(j—1/2), j=1,..., N, and the grid nodes
along f were t; = h(i —1/2),i=1,...,N.

Instead of the exact function f(t), we used the function f(t) = f(t) +
df(t) distorted with a random error df(¢) distributed according to the
normal law with zero average and with the root-mean-square deviation
6 = 0.0164; the latter value corresponds to the relative error of 6, =
0.1max;c(g 9] f(t) in setting the right-hand side of the equation.
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Figure 4.4. Numerical example: the first-kind convolution-type
Fredholm integral equation: }
1—k(t), 2—y(r), 3— f(t), 4 — f(t)

The exact functions k(t), y(7) and f(t), and also the function f(t), are
shown in Figure 4.4.

Shown in Figure 4.5 are the exact solution y(7) and the solution re-
sults obtained for supp k(t) C [—0.5,1.5], supp f(¢) C [0, 2], and supp y(7) C
[—0.5,1.5], namely, the too smooth yet very stable solution y,, (7) obtained
by the Tikhonov regularization method with the value of o chosen by the
discrepancy principle (o = a1 = 4-107%) and the solution y,, (7) obtained by
the Tikhonov regularization method with o = as < a1, that is, ap = 1075;
in the latter solution, the two maxima are better resolved, although this
solution is more unstable, displaying false alternating fluctuations, manifes-
tations of the so-called Gibbs effect, at the ends of the interval.

Like several other examples (see Verlan’ and Sizikov (1986, p. 283),
Tikhonov, Goncharsky, Stepanov, and Yagola (1995)), the latter example
shows that if the error in setting the initial data is large (=~ 10 %), then the
discrepancy principle (and also the generalized discrepancy principle) yields
the overestimated value of «, and one has to use additional ways, the fitting
way, for instance.

As for the false fluctuations in the solution y,,(7) emerging at the edges
of the interval 7 € [—0.5,1.5], these fluctuations can be reduced or even
completely eliminated, for instance, by shortening the lengths of the sup-
ports. Figure 4.6 shows the solution results obtained for the same example
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0.5 0 0.5 1.0 T 1.5

Figure 4.5. Solution of the first-kind convolution-type Fredholm
integral equation obtained by the Tikhonov regularization method:

1—y(1), 2— Yar (1), 3— yas (7)

with shortened (identical) support lengths, namely, for suppk(t) C [0, 1],
supp f(t) C [0.5,1.5], and suppy(7) C [0,1] (the designations here are the
same as in Figure 4.5).

Next, consider the two-dimensional first-kind convolution-type Fredholm
integral equation:

Ay = / / K(z1 — s1,x9 — s2)y(s1, s2) dsy dsa = f(x1,x2),

—o0 < T, T2 < 00.

(4.7.25)

Let us solve this equation by the Tikhonov regularization method. We
introduce the minimum condition for the smoothing functional (cp. (4.7.18))

HAy—f||2+oz/ / M (wy,w2)|Y (w1, w2)|? dwy dws :myin.

This condition yields the regularized solution (cp. (4.7.20))

o /\ Wla_WQ) (wlaWQ) —i(w1s1+was2)
i(wis1tw2s2) 1,0 d
Ya (81752 4 2/ / wlva +O[M(w1,w2) ¢ e
(4.7.26)

where (cp. (4.7.21)-(4.7.23))

0o foo )
F(wla W?) = / / f(l‘l, ﬂjg)ez(wlml+w2$2) dzy dxo, (4727)
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Figure 4.6.

AMwr,we) = / / K (@1, 29)e’@18179272) qo) dy, (4.7.28)

L(wy,wz) = |A(wr, wa) > = Awy, w2) M —wi, —w2)
= Re? \wi, wa) + Im? (w1, ws).  (4.7.29)

The regularizer M (wy,w2) can be chosen, for instance, in the form (cp.
(4.7.19)):

M(wy,ws) = (w? + w?)2. (4.7.30)

In the practical realization of the two-dimensional problem, the values
of x1,s1,x9,89 are to be set discrete within some finite limits, and two-
dimensional CFTs (4.7.26)—-(4.7.28) are to be replaced with two-dimensional
DFTs or FFTs.

The regularization parameter « is to be chosen in the same manner
as in the case of one-dimensional equations (4.7.8) and (4.7.17) (by the
discrepancy principle, generalized discrepancy principle, fitting way, etc.).
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In Tikhonov, Goncharsky, Stepanov, and Yagola (1995), the PTITR
program, written in the FORTRAN language, was reported which solves
the two-dimensional first-kind convolution-type Fredholm integral equa-
tion (4.7.25) by the Tikhonov regularization method.

In Section 5.2, we will consider the problem of reconstruction of defo-
cused images described by the two-dimensional first-kind convolution-type
Fredholm integral equation. To solve this solution, the Tikhonov regular-
ization method will be used.

4.7.4. Solution of degenerate and ill-conditioned SLAEs

In Sections 4.2—4.4, we already discussed degenerate and ill-posed SLAEs.

We write the system of linear algebraic equations (SLAE) in the form
Ay = f, (4.7.31)

or, in more detail,
n
Sagyi=fi, i=1,...,m, (4.7.32)
j=1

where A is an m X n-matrix, y is an n-column vector, and f is an m-column
vector.

This system may be unsolvable, i.e., having no solution (when being
an overdetermined system), uniquely solvable (when being a determined
system), or degenerate (having infinite number of solutions; in this case,
this system is called an underdetermined system). Recall some definitions
that were previously given in Sections 4.2—4.4.

The rank r = rang (A) of the matrix A is the maximum order of the
nonzero minors of the matrix. The rank of extended matriz is the quantity
p=rang (A | f). An SLAE is called an overdetermined SLAE if m > n, or,
more exactly, the number of linearly independent rows in (4.7.32) is greater
than n or p > r. An SLAE is called a determined SLAE if m = n = r or
p =r. An SLAE is called an underdetermined SLAE if m <n or r < n or
p < n. An overdetermined SLAE has no solutions, a determined SLAE has
a single solution, and an underdetermined SLAE has many solutions.

An SLAE is called a degenerate SLAE if the m x n-matrix A of this
SLAE has at least one zero singular number y. In this case, the condition
number is cond (A) = p(A)max/(A)min = 00. If m = n, i.e., the matrix of
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the system is a square matrix, then the SLAE is called a degenerate matriz
provided that the determinant |A| = 0. An SLAE is called an ill-conditioned
SLAE if the condition number cond (A) of its matrix A is a sufficiently large
yet finite number.

A pseudo-solution of SLAE (4.7.31) is a vector y that minimizes the dis-
crepancy ||Ay — f||. System (4.7.31) may have more than one solution. The
normal solution of SLAE (4.7.31) is the pseudo-solution with the minimum
norm ||y||. For any system of form (4.7.31), the normal solution exists and
is unique.

Yet, the normal solution may be unstable, and its degree of instability
increases with increasing condition number

cond (A) = p(A)max/1(A)min-

The essence of the Tikhonov regularization method for SLAEs consists
in finding a stable approximation to the normal solution of the SLAE.

We introduce the minimum condition for the smoothing functional (cp.
(4.7.3)):
|4y = fII° + ally]l* = min, (4.7.33)

where o > 0 is the regularization parameter. Condition (4.7.33) yields a
new SLAE (cp. (4.7.4))

(aE+ A*A)y, = A™ f, (4.7.34)
where F is the unit matrix. Alternatively, system (4.7.34) can be written

as (cp. (4.6.6)):
(aE + B)ya = u, (4.7.35)

where (cp. (4.6.7) and (4.6.8))
B =AA, (4.7.36)

uw=A*f (4.7.37)

is the new matrix B (a symmetric positively defined matrix) and the new
right-hand side u, or, provided that the matrix A is a real matrix, as

B=A"A, (4.7.38)

u=A"f. (4.7.39)
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In more detail, SLAE (4.7.35) can be written as
ayi—l—ZBijyj = uy;, 1=1,...,n, (4.7.40)

J=1

where, provided that A is a real matrix (cp. (4.6.11) and (4.6.12)),

Bij = ZAkiAkja ’L,j = 1,...,7’L, (4741)

k=1
wi=» Afs, i=1,...n (4.7.42)

k=1
The regularized solution of SLAE (4.7.34) or (4.7.35) is
Yo = (aE + A*A) LA f (4.7.43)
or

Yo = (aE + B) w. (4.7.44)

In practice, this solution can be found numerically by solving SLAE (4.7.40)
with due regard for the fact that the matrix o £+ B is a symmetric positively
defined matrix; here, the Kraut, Cholesky, Voevodin or other methods can
be used.

In this case, the regularization parameter « can be chosen by one of the
following ways: discrepancy principle, general discrepancy principle, fitting
way, etc.

4.7.5. Solving systems of ordinary differential equations
with control function

Consider (like in Sections 4.3 and 4.4) the system of ordinary differential
equations (ODE) with control function (Tikhonov and Arsenin, 1977):
dy(t)

— = ftyuw),  t<t<T (4.7.45)

where y(t) = {yi(t),...,yn(t)} is the unknown function, f(t) =
{fit),..., fu(t)} is the right-hand side, and u(t) = {ui(t),..., un(t)} is
the control function (all the above functions are vector functions). The
initial conditions are

y(to) = yo,

where 19 is a given vector.
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The function u(t) can be considered as a set function with which the
control will not be optimal; alternatively, this function can be considered to
be the sought function that minimizes some functional F'[u] (with possible
constraints imposed on the function u(t)); in the latter case, the control will
be optimal.

Consider a particular example of the Cauchy problem for a system of
ODEs with optimum control, namely, the wvertical motion of a rocket of
variable mass in a uniform atmosphere launched so that a maximum height
be reached. The motion of the rocket is governed by the following system
of ODE (Tikhonov and Arsenin, 1977):

do(t)  au(t) — cv?(t)

a w7 (4.7.46)
dm(t) _ t)
a

with the initial conditions m(0) = mg and v(0) = 0. Here, m(¢) is the
variable mass of the rocket with the fuel, u < m(t) < mg, where y is the net
(without fuel) mass of the rocket; v(t) is the velocity of the rocket; u(t) is
the control function, the time-dependent fuel consumption; and a, ¢, and g
are some constants (a is the gas outflow velocity with respect to the rocket,
and c is the drag coefficient due to air, and g is the free-fall acceleration).

The maximum height to be reached by the rocket is H = Hv(u)] =
f(;f v(t) dt; here, we assume that v(T) = 0.

It is required to find the optimum control function uep(t), a function
such that H = max. Usually, this problem is solved as follows. They
introduce the so-called objective functional, normally in the form

Flu] = H[v(u)] — H, (4.7.47)

where H is some estimate of the sought maximum height. The problem
on finding wuept(t) is to be solved based on the minimum condition for the
objective functional:

Fluop ()] = I&gl (4.7.48)

Yet, this problem is ill-posed: small variations of F' result in arbitrarily
large variations of u(t); i. e., the third condition for well-posedness according
to Hadamard is violated here.

Consider a regularization procedure for the system of ODEs that makes
the problem stable. According to the regularization method, to be mini-
mized is the smoothing functional

Do [u(t)] = Flu(t)] + aQu(t)], (4.7.49)
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where the stabilizing functional Q[u(t)] can be chosen, for instance, in the
form

T
Q[u(t)]:||u||%2:/o u?(t) dt (4.7.50)

T
Qfu(t)] = luld; = /0 u"2(t) dt, (4.7.51)

and a > 0 is the regularization parameter.

Here, the functional ®,[u(t)] is to be minimized numerically, by the gra-
dient method, Newton method, chord method, etc., whereas the parameter
« can be chosen, for instance, by the discrepancy principle. A numerical
example is given by Tikhonov and Arsenin (1977).

4.7.6. Solving partial differential equations

Consider first the two-dimensional (elliptic) Laplace equation previously dis-
cussed in Sections 4.3 and 4.4:
Pu 0%u B

Au(z,y) = 922 + e 0 (4.7.52)

with the following boundary conditions (Cauchy problem):

ou

u(a:,O) :f(x)7 373/ y:0:

o(z), (4.7.53)

where f(x) and p(z) are given functions.

It is known (Lavrent’ev, Romanov, and Shishatskii, 1997) that under
some rather loose requirements imposed on the solution u(z,y) this solution
exists and is unique, i.e., the first and second condition of well-posedness
according to Hadamard are fulfilled here. Yet, as it was shown in Section 4.4,
the solution is unstable.

Consider a one of possible construction algorithm for the regular (stable)
solution of the Cauchy problem for the Laplace equation, namely, reduction
to an integral equation.

We can reduce the Laplace equation (4.7.52) to the first-kind Fred-

holm integral equation with the Poisson kernel (Lavrent’ev, Romanov, and
Shishatskii, 1997; Glasko, Mudretsova, and Strakhov, 1987):

i/_ m w(€,y) dE = u(z,0), —oco<z<oo. (4.7.54)
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In this equation, the quantity y is a parameter. That is why at each
fixes value of y the equation is the one-dimensional first-kind convolution-
type Fredholm integral equation. The latter equation can be effectively
solved by the Fourier transformation method with regularization according
to Tikhonov (see (4.7.17)-(4.7.23)).

In (Verlan’ and Sizikov, 1986, pp. 30, 146, 152-157, 230) the matter of
reduction of various (ordinary and partial) differential equations and systems
of such equations with various boundary conditions to corresponding integral
equations is considered in details.

Note that equation (4.7.54) is widely used in the inverse gravimetry
problem, namely, in the problem of analytic continuation of the measured
gravitational potential u from the Earth surface (y = 0) into depth (to the
depth y), or in the recalculation problem for the gravitational potential.

Consider now the one-dimensional (parabolic) heat conduction equation
discussed in Sections 4.3 and 4.4. Recall that, previously, four statements
of the problem were considered.

In the first variant of the problem (direct problem, or the problem with
forward time), it is required to solve the equation

ou(z,t)  0%u(x,t)
= <zx< .
= S 0@ <l t>0, (4.7.55)

with the initial condition u(z,0) = ¢(x) and the boundary conditions
u(0,t) = ¥1(t) and u(l,t) = ¥a(t). The direct (classical) problem is a well-
posed problem: the solution exists, is unique, and continuously depends on
the initial data ¢(z).

In the second variant of the problem (inverse problem, or reverse-time
problem) it is required to find the initial temperature distribution u(x,0) =
() from the given function u(x,t.), known at some time ¢, > 0, by solv-
ing the problem towards decreasing ¢. Here, the initial conditions 1 (t)
and 19 (t) are not set.

In the third variant of the problem it is required to solve the equation

ou(z,t)  Ou(w,t)
ot 0ox2

—co<z<oo, 0<t<T, (4.7.56)

with the initial conditions u(z,0) = ¢(z) and u(z,T) = x(z), where p(z)
and x(z) are some given functions.

In the fourth variant of the problem it is required to solve equa-
tion (4.7.55) or (4.7.56), but with one initial condition: u(x,0) = ¢(z).



176 Yu. P. Petrov and V. S. Sizikov. Well-posed, ill-posed, and ...

As it was noted in Section 4.4, variants 2—4 are incorrect. Consider two
stable methods for solving variants 2—4 of the problem on solving the heat
conduction equation.

The first method. The second and the third variants of the problem
can be solved by the method of quasi reversibility (Lattes and Lions, 1969).
According to this method, instead of (4.7.56), to be solved the regularized
equation (Ivanov, Vasin, and Tanana, 2002; Tikhonov and Arsenin, 1977):

Oua(z,t)  uq(,t) ‘o D ug(z,1)
o 0x2 ozt 7 (4.7.57)
—o00 < x < 00, 0<t<T,

where o > 0 is the regularization parameter. In this case, we set the only ini-
tial condition uq(z,T) = x(z) and, proceeding from ¢t = T to t = 0 (towards
decreasing t), find, in quite a stable manner, the function uq(z,0) = @ (z).

Afterwards, to check the solution, we solve the well-posed Cauchy prob-
lem for equation (4.7.57) with the initial condition us(z,0) = ¢q(x) and,
proceeding from ¢t = 0 to t = T (towards increasing t), we find u,(z,t) and,
in particular, uq(z,T) = xo(x). As it was shown by Lattes and Lions (1969),
average convergence takes place here: x,(z) — x(x) as a — 0.

The second method. This is the integral-equation method (Lavrent’ev,
Romanov, and Shishatskii, 1997). According to this method, the (differen-
tial) heat conduction equation can be reduced to the integral equation

~ ) _
! f / exp [ Jule 1) de = (), W)

-0 < T <00

Here ¢(z) = u(z,0) is the initial condition. Equation (4.7.58) is the first-
kind convolution-type Fredholm integral equation with the parameter t. By
solving this equation at each fixed value of ¢ by the one-dimensional Fourier
transformation method and by the Tikhonov regularization method (see
above), we obtain a stable solution u, (&, t), where a > 0 is the regularization
parameter.

4.8. SOLUTION-ON-THE-COMPACT METHOD
4.8.1. The essence of the method

The possibility of constructing stable solutions of ill-posed problems is based
on the use of a priori (additional) information about the solution. In Sec-
tion 4.7, we discussed the case of essentially ill-posed problems, whose solu-
tion can be obtained by the methods (e.g., by the Tikhonov regularization
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method, etc.) in which qualitative information about the solution, namely,
information about smoothness of the solution, is used. For instance, in the
Tikhonov regularization method the solution smoothness is controlled by
the regularization parameter .

In this section we will consider cases in which quantitative information
about the solution is available, that is, information that allows one to narrow
the class of possible solutions to a compact set (compact) (for the definition
of compact see Section 4.1). For the first time, this approach to solving
ill-posed problem was advanced by A.N. Tikhonov (1943).

Consider the equation
Ay=f, yeY, feF, (4.8.1)

where Y and F' are some metric spaces and A is a continuous operator. Let
the problem for solving equation (4.8.1) be a Tikhonov-well-posed problem
(see Section 4.7), for which in the space Y we isolate a certain subspace
M C Y representing the correctness set of the problem (i. e., the set on which
a unique stable solution of the problem exists). We assume that the set M
is a compact (examples of compacts will be given below), and the elements f
and A are set exactly. In this case, the following theorem is valid (Tikhonov,
1943) (see also Verlan’ and Sizikov, 1986, p. 302; Lavrent’ev, Romanov, and
Shishatskii, 1997; Tikhonov and Arsenin, 1977).

Theorem 4.8.1 [Tikhonov’s theorem]. If a mapping M — AM of a
set M C'Y onto a set AM C F (image of M) is a continuous one-to-one
mapping and the set M is a compact, then the inverse mapping AM — M is
also a continuous mapping, i. e., the operator inverse to A is also a continuous
operator on the set AM C F.

Next, let all the conditions of Theorem 4.8.1 be fulfilled and, concerning
the exact solution of (4.8.1), we know that y € M, but, instead of f, known
is a function f such that pp(f, f) < ¢ and, in addition, f € AM. Next,
consider the set

YM ={j|ge M, pr(Ag, f) < 6}.

Then, the inverse mapping will also be continuous, which fact can be
formulated in terms of €, ¢ as the following theorem (Verlan’ and Sizikov,
1986, p. 302):

Theorem 4.8.2. For any € > 0, there exists do(c) > 0 such that

py (J,y) < € (where y is the exact solution) for all § € YM as soon as
o< 50(8).
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It follows from Theorems 4.8.1 and 4.8.2 that, first, the solution on
compact is a stable solution and, second, in the case of f € AM any element
Y€ Y(;M can be used as an approximate solution for the ill-posed problem.
Here, lims ¢ py (9,y) = 0.

By way of illustration, consider the first-kind Fredholm integral equation

b
/ K(z,s)y(s)ds = f(x), c<ux<d, (4.8.2)

where f () € Lo. Consider the case of approximate right-hand side and
exact kernel. The solution-on-the-compact method as applied to equa-
tion (4.8.2) consists in minimizing the discrepancy functional (cp. (4.6.4))

(y) = Ay — FI2, = / /Kw ()ds— f@o)] de (483)

on the functions § € Y(;M , where M is some compact defined, based on
physical reasoning, with the help of some constraints in the form of equalities
or inequalities (see below).

Let us make the aforesaid clear by giving some examples of compacts
(Verlan’ and Sizikov, 1986, pp. 303-305; Tikhonov, Goncharsky, Stepanov,
and Yagola, 1995) for integral equation (4.8.2).

4.8.2. Solution on the set of monotonic bounded functions

This set presents a first example of compacts. Suppose that it is known
a priori (from physical considerations) that the exact solution g of an ill-
posed problem is a monotonic (for definiteness, non-increasing) function
bounded from below and above respectively by some constants C; and Cs.
Thus, concerning the sought exact solution we assume that § € M € Lo,
where M is the set of non-increasing, bounded above and below functions.
We designate the set of non-increasing functions bounded from above and
below as Ylgi (Tikhonov, Goncharsky, Stepanov, and Yagola, 1995), i.e

Y@ ={y|y'(s) <0, C1 <y(s) < Cp, a < s < b} (4.8.4)

Notation (4.8.4) refers to the set of functions whose first derivative is a
non-positive function bounded from above and below in the interval [a, b].
In other words, the constraints in the first example of compact are imposed
on the function and on the first derivative of this function.
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In this case, the practical algorithm that can be used to solve the problem
is as follows.

We discretize equation (4.8.2) using, generally speaking, a non-uniform
z-grid of nodal points

c=r1<ry<a3<---<x=d (4.8.5)
and a non-uniform s-grid of nodal points
a=5 <s3<83<++<58,=b, (4.8.6)

and also, for instance, the trapezoid formula.

As a result, the problem of conditional minimization of functional (4.8.3)
acquires the form

sz{z Kijyj — fi Zmyiﬂ, (4.8.7)

Jj=

with some constraints added in the form of inequalities (Verlan’ and Sizikov,
1986, p. 303; Tikhonov, Goncharsky, Stepanov, and Yagola, 1995):

yj—i—l_ngou j:1725"'7n_17

(4.8.8)
-0y <0, C1—yn <0.

Here K;; = K(z4,55), yj = y(s;), f; = f(acz), and p; and r; are the quadra-
ture coefficients (Verlan’ and Sizikov, 1986, p. 250).

Here, as it was stated by Tikhonov, Goncharsky, Stepanov, and
Yagola (1995), it is not necessary to seek the exact minimum of the dis-
crepancy functional (4.8.7). It just suffices to make the following condition

fulfilled: l
B(y) = sz{z Ky — fi| <8, (4.8.9)
i=1 =

where 4 is the error in setting the right-hand side: ||f — f]|z, < 4.

In the case of the discretization problem, the set Ylgf (4.8.4) passes into
the set (Tikhonov, Goncharsky, Stepanov, and Yagola, 1995)

M|G={y |y eR", g1 —y; <0, j=1,2,...,n—1,
-0y <0, C1 —y, <0} (4.8.10)
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Thus, the problem of numerical solution in the class of monotonically
non-increasing bounded upper and below functions consists in minimizing
the discrepancy functional ®(y) (cp. (4.8.7)) or in drawing the magnitude of
this functional to 62 or lower (cp. (4.8.9)) with due regard for (4.8.8). Such
a problem, called nonlinear (or, alternatively, linear, quadratic, etc.) pro-
gramming, can be solved by various conditional-minimization methods: by
the method of conjugate-gradient projections, by the method of conditional
gradient, etc.

4.8.3. Solution on the set of monotonic bounded convex functions

This set presents a second example of compacts. Let the sought solution g
belong to the set of monotonically non-increasing convex functions bounded
from below and above by some constants C7 and C5. We designate this set

as l?lgf (Tikhonov, Goncharsky, Stepanov, and Yagola, 1995), i.e.,

VIZ={y|¥/(s) <0, () <0, G <y(s) < Ch, a<s<b). (48.11)

Notation (4.8.11) means that, here, constraints are imposed on the func-
tion and on the first and second derivatives of the function.
In the case of discretized problem (see (4.8.5)—(4.8.7) and (4.8.9)), to

be added are constraints in the form of inequalities (Tikhonov, Goncharsky,
Stepanov, and Yagola, 1995):
yj-i-l_ijO? j:1727"‘7n_17
Yj—1 —2yj+yj+1 <0, 7=23,....,.n—1, (4.8.12)
y1 — C2 <0, Ci—yn <0.

In the case of discretized problem the set l?lgf (4.8.11) passes into the

set ]\}lgf (Tikhonov, Goncharsky, Stepanov, and Yagola, 1995) defined by
constraints (4.8.12).

4.8.4. Solution on the set of bounded convex functions

This set presents a third example of compacts. Let the exact solution g
belong to the set of convex functions bounded from below and above by some

constants C7 and Co. We designate this set as ;/gf (Tikhonov, Goncharsky,
Stepanov, and Yagola, 1995), i.e.,

?g? _ {y | y//(s) < 0’ Cl < y(S) < 027 a<s< b} (4813)
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Notation (4.8.13) means that, here, constraints on the function and on
the second derivative of the function are imposed.

In the case of discretized problem (see (4.8.5)—(4.8.7) and (4.8.9)), to
be added are constraints in the form of inequalities (Tikhonov, Goncharsky,
Stepanov, and Yagola, 1995):

=24y <0, =23, —1,
Yj—1 Yi T Yji+1 = J (4.8.14)
y1 —C2 <0, C1—yn <0.

In the case of discretized problem, the set ?g? (4.8.13) passes into the

set M gf (Tikhonov, Goncharsky, Stepanov, and Yagola, 1995) defined by
constraints (4.8.14).

4.8.5. Solution on the set of bounded-variation functions

This set presents a fourth example of compacts. Let the sought exact solu-
tion g belong to the set of, generally speaking, fluctuating functions whose
total variation is bounded from above by some constant C'. We designate
this set as Vi (Tikhonov, Goncharsky, Stepanov, and Yagola, 1995).

In the case of discretized problem, the variation is the sum (Tikhonov,
Goncharsky, Stepanov, and Yagola, 1995) |y2—y1|+|ys—ve|+- - -+|yn—Yn—1]-
That is why, to solve the problem, relations (4.8.5)—(4.8.7) and (4.8.9) are
to be used, supplemented with a constraint in the form of inequality

ly2 — 1] + lyz —y2| + -+ [yn — yu1| < C. (4.8.15)

4.8.6. Numerical examples

To realize the above variants of the solution on the compact, one can use the
Fortran computer programs PTIGR, PTIGR1, PTIGR2, etc. (Tikhonov,
Goncharsky, Stepanov, and Yagola, 1995). With these programs, several
examples were solved.

We solved the first-kind Fredholm integral equation (Tikhonov, Gon-
charsky, Stepanov, and Yagola, 1995)

b
/ K(x,s)y(s)ds = f(x), c<z<d, (4.8.16)



182 Yu. P. Petrov and V. S. Sizikov. Well-posed, ill-posed, and ...

where a =0, b =1, c= —1, d = 2, and the kernel is

K(e,5) = 1= 1001(3; e (4.8.17)

Initially, the exact solution was set in the form (first example)
7(s) =1— 5%, a<s<b. (4.8.18)

Figure 4.7 shows the exact functions y(s), K(z,0) and f(z) from the
first example. A characteristic feature of the first example is that the so-
lution y(s) is a monotonic bounded convex function if s € [a,b], i.e., the
solution, in principle, can be sought on the sets Mlgi, ]\7_[ lgf or ]\} gi de-
pending on available information.

The problem was discretized as follows: the total number of nodal points
along x was set equal to m = 61 (the step was Az = (d—c¢)/(m—1) = 0.05),
and the total number of nodal points along s was taken equal to n = 41 (the
step along s was As = (b—¢)/(n — 1) = 0.025).

With the help of the RNDAN random-number generator (Sizikov, 2001,
p. 152), errors uniformly distributed over the interval [—do, dg] were added
to the right-hand side f(x), where §y = 0.01 max <, <q f(z) = 0.2325 - 1072
This yields (Sizikov, 2001, p. 148) §% = (d — ¢)d3/3 = 7.21 - 1076.

Figure 4.8 shows the exact solution y(s) and the approximate solu-
tion g(s) found, with the use of (4.8.9), on the set Mlgf of monotonically
non-increasing bounded functions (cp. (4.8.10)). Here, C; = 0 and Cy = 1.
The initial approximation was set as yo(s) = 0. A total of 800 iterations
were performed to reach the value of the discrepancy functional ®(y) equal
to 7.30 - 1076, i.e., practically, §2.

Figures 4.9 and 4.10 show the solution found on the set ]\} lgi of mono-
tonically non-increasing bounded convex functions and the solution found on

the set M gf of bounded convex functions. Next, the same example (4.8.16)—
(4.8.18) was solved with a greater error: dp = 0.03 Iilaéidf(x) =0.6975-1072,

82 = 6.49 - 107°. In either case, a total of 800 iterations were performed.
The zero initial approximation was used: yo(s) = 0.

Figures 4.8-4.10 demonstrate that, first, the use of additional conditions
in the form of some constraints imposed on the solution so that to place it
into a compact (if such constraints follow from the essence of the problem)
makes the solution stable. Second, a comparison of results shows that the so-
lution reconstructing accuracy depends on the particular type of constraints
imposed on the solution ((4.8.8), (4.8.12), (4.8.14), etc.).
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Figure 4.7. First example: exact functions y(s), K(x,0), and f(x
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Figure 4.8. Exact g(s) and approximate §(s) solutions found on
the set Mlgf of monotonically non-increasing bounded functions
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Figure 4.9. Exact g(s) and approximate g(s) solutions found on the

set M LC"' of monotonically non-increasing bounded convex functions
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Figure 4.10. Exact solution ¢(s) and approximate solution (s) found

on the set M gf of bounded convex functions
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Figure 4.11. Second example. Exact solution y(s), right-hand
side f(z), and kernel K (z,0)
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Figure 4.12. Exact solution (s) and approximate solution 7(s)

found on the set ]\7[ gf of bounded convex functions
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We also solved a second example, in which the exact solution was y(s) =
4s(1 — s), s € [0,1] (Tikhonov, Goncharsky, Stepanov, and Yagola, 1995).
Figure 4.11 shows the exact solution, the right-hand side, and the kernel from
the second example. In this example, dp = 0.01 max f(z) = 0.2457-10~2 and
62 = 8.05-1075. A characteristic feature here is that the desired solution
y(s) for s € [0,1] is a bounded convex function.

Figure 4.12 shows the exact solution and the approximate solution from
the second example found on the set ]\} g’f of bounded convex functions. A
total of 800 iterations were performed to reach the final value of ®(y) equal
t0 9.99 - 1076.

Solutions obtained by solving a numerical example on the set of functions
with bounded variation Vo are given by Tikhonov, Goncharsky, Stepanov,
and Yagola (1995).

These examples show that the use of additional information about the
solution allows one to make finding the solution a well-posed problem.



Chapter 5.

Inverse problems in image
reconstruction and tomography

In this chapter, we will consider some applied ill-posed inverse problems.
Statements of the problems are given, and their mathematical descriptions
are presented. Stable solutions of the problems are obtained by the Tikhonov
regularization method. Numerical examples are discussed.

5.1. RECONSTRUCTION OF BLURRED IMAGES

In Sections 5.1 and 5.2, we will consider an inverse problem that arises
in optics, namely, reconstruction (restoration) of distorted images, namely,
reconstruction of blurred (smeared) or defocused images (Bakushinsky and
Goncharsky, 1994; Bates and McDonnell, 1986; Sizikov, 2001).

Under the term i¢mage, we mean a photograph of a person, a text, or
a natural object (including photos taken from the outer space); a TV- or
cine-picture; a telescopic image of a cosmic object; etc. Yet, for definiteness,
in all cases under this term we will understand a photograph.

We assume that the image of interest was already given a preliminary
treatment so that to remove scratches from it, to adjust brightness and con-
trast range, etc.; in other words, all non-mathematical operations with the
image are assumed accomplished. Here, we consider the most complex prob-
lem, that is, mathematical reconstruction of blurred images whose distortion
was a result of camera or object motion (shift, displacement).
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5.1.1. Statement of the problem

Consider the problem with the example of a blurred (or shift- or
displacement-distorted) photograph (Bakushinsky and Goncharsky, 1994;
Bates and McDonnell, 1986; Sizikov, 2001; Sizikov and Belov, 2000;
Tikhonov, Goncharskii, and Stepanov, 1987). Let an object of interest (as-
sumed to be flat due to its remoteness) and the photographic film in the
camera be both parallel to the aperture of the thin lens of the camera. The
object and the film are located on different sides of the lens at distances f;

and fo from it. Then,
1 1 1

—t ===,

o f
where f is the focal distance of the lens and f; > f (see Figure 5.1). As
a result, on the photographic film we will obtain an inverted image of the
object.

(5.1.1)

We introduce a rectangular coordinate system £’O’n’ in the plane of the
object and a rectangular coordinate system £On in the plane of the film.
We take some point A’'(¢',n’) on the object emitting intensity w’(¢’,7n’).
The rays emanating out of this point and having passed through the lens
intersect each other at a certain point A({,7) in the plane of the film. It
follows from similarity of the triangles A’CO’ and ACO that

— —
oA _0A
fi fa
In projections, we have:
!/ /
£__8 i 1 (5.1.2)

n R h R
As a result, the point A(£,n) on the film (this point is the image of the
point A’(¢', 1) on the object) has the same brightness w and coordinates &
and n (direct problem):

wem =€), E=-S g=-T. (13
where g = f1/f2. The distance fo can be found as
1 1\t
f2= (? - ﬁ> : (5.1.4)

Thus, to each point A’ on the object, a certain point A on the film
corresponds, with the same intensity w(&,n) = w'(&,n’), but with inverted
coordinates additionally reduced by the factor ¢ = fi/f2 (see (5.1.3)).
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Figure 5.1. Diagram illustrating the manner in which a blurred image can
be obtained

Example. Let f{ = 7m and f =5 cm, then fo = 5.03 cm (according
to (5.1.4)) and ¢ = 139.2, i.e., the inverted image has 139.2 times smaller
dimensions than the object.

From the photograph, one can reconstruct (restore) the object (inverse
problem):

w,(flvﬁ/) = w(fﬂ?)’ 5/ = _Q§a 77/ = —(qn. (515)
In this case,

fi = (} - ;2)1 (5.1.6)

Next, we assume that, during the exposure time 7, the camera has been
given a rectilinear and uniform shift (displacement) with a velocity v =
const along the £ axis, i.e., has been displaced by the distance A = v,
or, alternatively, the object (a fast target) has traversed the distance —gA.
As a result, the image on the film will be blurred along £ (see Figure 5.2a
below).

5.1.2. Derivation of an integral equation

Describe the problem of image blurring mathematically. In addition to the
stationary coordinate system £0n, we introduce a coordinate system xOy
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attached to the moving film, which was initially (at 7 = 0) coincident with
the system £On (see Figure 5.1). During the time 7, a continuous set of
points A with abscissas from & = z to £ = z + A and various intensities
w(&,y) will be projected onto some point (z,y) of the film; in other words,
the resultant brightness (denoted as g) of the point (z,y) can be found as
the sum (or, more precisely, integral) of intensities w(§,y), & € [z, + A]
(for more detail, see Sizikov, 2001, p. 66):

z+A
sy =5 [ wlew (517

We write (5.1.7) in a different way:
1 z+A
A/ w(§,y)d§ = g(z,y). (5.1.8)

Relation (5.1.8) is the master relation in the problem of reconstruction of
blurred images. In this relation, g(z,y) is the distribution of brightness over
the rectangular coordinates x and y on the film (in the blurred image) (the z
axis is directed along the blurring direction); A is the blurring distance,
assumed known; and w(&,y) is the distribution of the true (undistorted)
intensity on the film (the intensity which would be registered by stationary
film, i.e., in the case of A = 0).

Relation (5.1.8) is one-dimensional Volterra equation of the first kind
for the function w(&,y) at each fixed value of y, representing a parameter;
in other words, relation (5.1.8) represents a set of one-dimensional integral
equations.

This equation was briefly considered in Section 4.4 (Example 4.4.9). Ac-
cording to the terminology of Apartsyn (2003), this equation is non-classical
Volterra equation of the first kind (because both integration limits in it are
variable quantities). Solution of this equation is a well-posed problem on
the pair of spaces (C,CM), i.e., when w(&,y) € C and g(z,y) € C1, and
an ill-posed problem on the pair of spaces (C,C), when w(&,y) € C and
g(z,y) € C.

Note that in a number of works (Bakushinsky and Goncharsky, 1994;
Tikhonov, Goncharskii, and Stepanov, 1987; and others) more complex
statements of this problem were considered, including the cases of non-
uniform and/or non-rectilinear shift of the camera or object, non-parallel
object and film planes, etc.
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5.1.3. Solving integral equation by the Fourier transformation
method and by the Tikhonov regularization method

Equation (5.1.8) can be written as convolution type Fredholm integral equa-
tion of the first kind (Bakushinsky and Goncharsky, 1994; Sizikov, 2001;
Sizikov and Belov, 2000):

[ He-guenis=glea)  —o<my<o. (519)
where
) 1/A, e [-A,0]
k(x) = { 0 edladl (5.1.10)

Solving equation (5.1.9) is an ill-posed problem. To solve this equa-
tion, we use the Fourier transformation method and the Tikhonov regular-
ization method (Bakushinsky and Goncharsky, 1994; Verlan’ and Sizikov,
1986; Sizikov, 2001; Tikhonov, Goncharsky, Stepanov, and Yagola, 1995)
(see Section 4.7). The regularized solution has the form (cp. (4.7.20)):

1 > —iw
wa(f,y)z%/ Wa(w,y)e ™ dw, (5.1.11)

where the regularized Fourier-spectrum of the solution is

K(-w)G(w,y)

Wo(w,y) = L)+ abio) (5.1.12)
Here (cp. (4.7.21), (4.7.22))
K(w) = /_ Z k(z)e™" dz = SinufZA) + 2= (‘ﬁ) —L (5.1.13)
and N
Glw,y) = /_ oot da (5.1.14)

are respectively the Fourier spectra of the kernel k(z) and the right-hand
side g(z,y) of (5.1.9), the regularizer M (w) can be chosen, for instance, in
the form M(w) = w?, a > 0 is the regularization parameter, and

L(w) = |K(w)|* = K(w)K(~—w) = Re? K (w) + Im? K (w).

As was stated in Section 4.7, there exist a number of ways by which the
value of a can be chosen, for instance, the discrepancy principle or the gener-
alized discrepancy principle (Tikhonov, Goncharsky, Stepanov, and Yagola,



192 Yu. P. Petrov and V. S. Sizikov. Well-posed, ill-posed, and ...

1995; Morozov, 1984). Yet, as tests showed, in the case of the image recon-
struction problem the most efficient way is the fitting way (Sizikov, 2001,
p. 71; Sizikov and Belov, 2000). In this way, the function w,(§,y) is to be
calculated for several values of « by formula (5.1.11) (with the use of (5.1.10),
(5.1.12)—(5.1.14)). Then, graphs of wq(,y) should be inspected to choose
the value of a ensuring the best reconstruction quality of the image from
the standpoint of physiological (and not mathematical) perception criteria.
This method is analogous to the TV contrast adjustment procedure (in the
case under consideration, the parameter « is the reciprocal to the contrast).

Note that the blurring distance A is unknown a priori; it can be found
by the fitting way or from the length of strokes in the distorted image. As for
the blurring direction (along which the axis z is directed), this direction can
be found from the direction of strokes in the distorted image (see Figures 5.2,
5.4, and 5.5 below).

Thus, with properly chosen direction of x on the distorted image (along
the shift) and with properly chosen blurring distance A, one can reconstruct,
in a stable way, the brightness w,(z,y) on undistorted photograph from the
brightness g(x,y) on the distorted photograph by solving equation (5.1.9)
(or, more precisely, set of equations) using formulas (5.1.10)—(5.1.14) with
the value of a chosen, for instance, by the fitting way. In many cases the
distorted image contains valuable yet directly non-decipherable information:
a photograph of a very important person, a historic building, an important
text, a terrestrial object whose photograph was taken from the outer space,
a fast target, etc. This information can be extracted from the photo (with
the help of a computer) only mathematically.

5.1.4. Numerical results

The program package IMAGE (under Windows 98 and higher) in language
Visual C++ has been worked out for solving problem of reconstructing
blurred (and also defocused, see Section 5.2) images by the Tikhonov regular-
ization method and by the Fourier transform method according to formulas
(5.1.9)—(5.1.14) with inspecting a (and also A) and outputing processing
results onto a display. Using this program package, both the direct problem
(modeling of intensity g(x,y) on a distorted image according to (5.1.6)) and
the inverse problem (reconstruction of the undistorted intensity wq (€, y) on
an image according to (5.1.11)) can be solved.

Calculation of one-dimensional inverse and direct Fourier transforms
(see (5.1.11), (5.1.14)) is performed in the form of discrete Fourier transfor-
mation (DFT). The DFT is realized both as fast Fourier transform (FFT)
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) (A = 20) and reconstructed (b—d) gray images:
0.1 (d

Figure 5.2. Smeared (a
a=0(b),2.5-1073 (c),

and ordinary Fourier transform. FFT is used if rapid image reconstruction
is required, for instance, that of a shot of a fast object. Ordinary DFT
can be used in the cases where there is no need in high processing rate, for
instance, in reconstruction of texts, old photos, etc.

In processing black-and-white images, the gray color (a mixture of the
red, green and blue colors taken in identical proportions) is normally used to
widen the brightness range; in processing colored images, separate processing
in the three colors with subsequent superposition of obtained images is used.
Further details can be found in Sizikov and Belov (2000).

Figure 5.2a shows a gray text fragment blurred at an angle to the lines
(blurring distance A = 20 pixels). The blurring direction can be identified
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and the blurring distance A, estimated, by inspecting strokes in the photo.
Figures 5.2b,c, and d show the regularized solution wq(§,y) found with
a = 0 (i.e., without regularization), with the best-adjusted o = 2.5 - 1073,
and with a certain estimated value of a;, namely, with a = 0.1, respectively.
Here, a total of 256 discrete values of y were used, and 256 discrete readings
of g along z at each fixed y were taken; when the total number of sampled
values was lesser than 256, missing values were substituted with zeros. In
other words, FFT was used, although ordinary DFT would have been more
efficient in this case.

Figure 5.3 shows a reconstructed image of a blurred stationary object
(building with a grid), and Figures 5.4 and 5.5 show reconstructed images
of a fast air object (airplane) and a fast ground object (passenger car). All
the three images are colored pictures; they were therefore treated separately
in the three colors with subsequent superposition of obtained images.

Figures 5.3-5.5 present black-and-white reproductions of the colored im-
ages. In these examples, the total number of discrete readings along the
axes ¢ and w was taken equal to 700 pixels. The total number of discrete
readings along the y-axis was 500 pixels. In this case, to the left and to
the right of the images 100 zero-pixels were added to suppress the Gibbs
effect in the reconstructed images. As a result, the total number of readings
along x was 900 pixels.

The results presented in Figures 5.2-5.5 are indicative of the follow-
ing. The Fourier transformation method without regularization as applied
to equation (5.1.9) yields very unstable a solution (Figure 5.2b). On the
contrary, the Tikhonov regularization method with a properly chosen value
of «a yields rather good results: the text becomes readable (Figure 5.2¢) and
the images of the stationary object (Figure 5.3b) and both moving objects
(Figures 5.4b and 5.5b) become distinctly seen to finest features (men, grid
and clocks in Figure 5.3b, plane markings in Figure 5.4b, the passenger’s
face in Figure 5.5b), although still contain errors (noise in Figure 5.2¢ and
the Gibbs effect on the background of Figure 5.4b). Experience gained in
reconstruction of many images shows that the value of « can be conveniently
and adequately chosen by the fitting way. As for determination of blurring
direction and the value of A, in some cases (like in Figure 5.2a) this can
be done by inspecting strokes, whereas in other cases (like in Figures 5.3a,
5.4a, and 5.5a), by inspecting the image blur at the left and right edges of
the blurred image.
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Figure 5.3. Smeared (a) and reconstructed (b) images of a stationary object
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Figure 5.4. Smeared (a) and reconstructed (b) images of a fast-flying air
object



Chapter 5. Image reconstruction and tomography 197

Figure 5.5. Smeared (a) and reconstructed (b) images of a fast-moving
ground object

5.2, RECONSTRUCTION OF DEFOCUSED IMAGES

Consider another problem that arises in optics, namely, reconstruction
(restoration) of defocused images (photos of a man, a text, a cosmic ob-
ject, etc.) (Bakushinsky and Goncharsky, 1994; Bates and McDonnell, 1986;
Sizikov, 2001; Vasilenko, 1979; Vasil’ev and Gurov, 1998; Sizikov and Belov,
2000; Tikhonov, Goncharskii, and Stepanov, 1987; Chaisson, 1992). This
problem will be considered with the example of a defocused photograph.

5.2.1. Statement of the problem

This problem has much in common with the previous problem (reconstruc-
tion of blurred images); yet, there are substantial differences.
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Figure 5.6. Schematic illustrating the geometry of the problem

Let the object of interest (assumed flat) and the photographic film be
both parallel to the thin lens and lie on different sides of it at distances f;
and fo+9, respectively, where § is the image focusing error (see Figure 5.6).

Like in the previous problem, relation (5.1.1) holds here, where f is the
lens focal distance.

We introduce a rectangular coordinate system &£’O'n’ in the plane of
the object, a coordinate system £’O”n” on the “ideal” photographic film
located at the focal point of the lens (6 = 0), and a coordinate system £On,
and also a coincident system xOy, on the real photographic film displaced
from the focal point (6 # 0). We denote the intensity emitted from some
point A’(¢',n') on the object as w'(¢',n’). The point A" will also be mapped
into the point A” on the “ideal” photographic film; the latter point has the
same brightness w”(¢”,7n") = w/'(¢',y’) and the coordinates £’ = —¢'/q and
1’ = —n'/q, where ¢ = f1/f2 (cp. (5.1.2)), and the distance fy can be found
by formula (5.1.3).

On the real photographic film, the point A’ will be mapped not into a
point, but in a diffraction circle of radius

p=ad/fa (5.2.1)
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centered at the point A(zx,y), where a is the aperture radius of the lens, and

.’L‘:—f2+5f/, y:_f2+577/ (522)

f1 fi

(cp. (5.1.2)).

5.2.2. Derivation of the master equation

Let us give mathematical formulation to the image-defocusing problem. In
addition to the diffraction circle centered at the point A(z,y), consider the
circle centered at the point (§,7) (see Figire 5.6). The radii of these (and
other) circles are identical, equal to p (cp. (5.2.1)), and the areas of such
circles are S = mp?. As a result, the intensity w(&,n) emitted by the point
(¢,m) will be “blurred” over a circle, whose radius is p and area is S = 7p?,
with density w(&,n)/mp?, in the first approximation assumed uniform over
the diffraction circle.

The intensity at the point A(z,y) will be the result of summation (inte-
gration) of partial intensities over all circles covering the point A(z,y). The
condition of coverage of the point A(x,y) by a circle of radius p centered at
the point (§,n) is

Ve =82+ @y—n?<p. (5.2.3)

As a result, the intensity at the point A(z,y) will be

g(z,y) = // w(§,277) d¢dn. (5.2.4)

™

(x—€)2+(y—n)2 <p

Relation (5.2.4) is the master relation in the problem of reconstruction
of defocused images. We write this relation as the equation

/ / wy(ij) dgdn = g(z,y). (5.2.5)

(z—€)2+(y—m)2 <p

Equation (5.2.5) is the master equation in the problem of reconstruction
of defocused images. In this equation, g(z,y) is the measured function, and
w(&,n) is the unknown function.
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5.2.3. Bringing the master equation to the standard form

Equation (5.2.5) is a first-kind integral equation for the function w(&,n).
Yet, this equation is written in non-standard form; the latter makes this
equation hard to solve. Let us bring this equation to the standard form. We
write (5.2.5) as (Sizikov, 2001, p. 75):

/_ /_ k(x =&y —nw(,n)dEdy = g(z, y), —00 < &,y < 00,
o (5.2.6)

where

@), V(=2 +(y—n)?<p,
k(z—&y—mn) = { 0. JE T s (5.2.7)

or

(5.2.8)

N LGN R
9 0, vV +y? > p.

Relation (5.2.6) is the two-dimensional convolution-type Fredholm inte-
gral equation of the first kind. In this equation, g(z,y) is the brightness on
the defocused photograph, w(§,y) is the unknown brightness on the undis-
torted photograph (on the photo taken with 6 = 0), and k(z, y) is the kernel
of the integral equation, called the point scattering function (in the present
case, the scattering function of the point (z,y)).

The radius p can be found using formula (5.2.1), where a and fy are
known quantities, and the value of § can be obtained by the fitting way.
Yet, it is more rational to adjust the radius p itself without using formula
(5.2.1). Figure 5.7a exemplifies a defocused image (Sizikov, 2001, p. 75;
Sizikov and Belov, 2000); it is seen from this figure that the radius p can be
estimated as the radius of diffraction rings on the defocused image.

Note that the problem on reconstruction of defocused images in the
case of non-parallel object and film planes was considered by Tikhonov,
Goncharskii, and Stepanov (1987).

After solving equation (5.2.6), one can reconstruct the initial image in
the object plane (inverse problem, cp. (5.1.3)):

W) e, € =—Flse =
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5.2.4. Solution of the equation
by the method of two-dimensional Fourier transformation
and by the Tikhonov regularization method

Like the two-dimensional first-kind convolution type Fredholm integral equa-
tion, equation (5.2.6) can be solved by the two-dimensional Fourier trans-
form (FT) method (the inverse filtration method), analogously to one-
dimensional equation (4.5.5) or (5.1.9). Yet, solution of (5.2.6), and also
solution of (5.1.9), presents an ill-posed problem (Bakushinsky and Gon-
charsky, 1994; Verlan’ and Sizikov, 1986; Vasilenko, 1979; Voskoboynikov,
Preobrazhenski, and Sedel’'nikov, 1984). The latter is related with the fact
that the function g(z,y) is measured with errors, which fact leads to arbi-
trarily large errors in the solution w(§,y).

To solve the problem in a stable manner, we will use, in addition to two-
dimensional FT, the Tikhonov regularization method. Then, the solution
of (5.2.6) obtained by these methods can be written as (cp. (4.7.26)—(4.7.30))

1 o0 o0 .
we(&,n) = 42/ / Wa(wl,w2)e—l(w1§+wzn) dwy dws, (5.2.9)
0 —o0 J —00o
where K G )
—Ww1, —WwW2)G(wy, W2
1% = . 5.2.10
a(wr,w2) L(wi,ws) + aM (w1, w2) ( )
In (5.2.10),
K(wi,wy) = / / k(z, y)e!@rmte2y) dg dy, (5.2.11)
G(wi,wa) = / / g, y)e'@rmtey) dy dy, (5.2.12)
L(wi,w2) = |K (w1, ws)|* = K (w1, w2) K (—w1, —w2), (5.2.13)
M(wy,wr) = (W? + w3)?, (5.2.14)
a > 0 is the regularization parameter, and p = 1,2,3,... is the regulariza-
tion order.

Normally, the value of o can be chosen by the generalized discrepancy
principle (Tikhonov, Goncharsky, Stepanov, and Yagola, 1995). Yet, for
the problem of reconstruction of defocused images (like for the problem of
reconstruction of blurred images, see Section 5.1), the fitting way is more
efficient (Sizikov, 2001, p. 77).
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5.2.5. Numerical results

We developed the IMAGE program package written in the Visual C++
language and intended for reconstruction of blurred (see Section 5.1) and
defocused images. In the problem of reconstruction of defocused images,
both the direct problem (modeling of defocused images) and the inverse
problem (reconstruction of initial images from defocused images) can be
solved.

In the inverse problem, equation (5.2.6) is solved by the method of two-
dimensional FT and by the Tikhonov regularization method according to
(5.2.9)—(5.2.14). The two-dimensional continuous FTs (5.2.9) and (5.2.12)
are calculated as two-dimensional discrete F'T's, which in turn are realized, by
the FTFTC program (Tikhonov, Goncharsky, Stepanov, and Yagola, 1995),
as fast FTs. The value of p (diffraction-circle radius) is set as estimated from
the defocused image; if necessary, this radius can be subsequently refined in
an adjustment procedure. The regularization parameter o can be chosen by
the fitting way with subsequent graphical display of solutions wq (&, 7).

Here, like in the problem of reconstruction of blurred images, to obtain a
wider brightness range in processing black-and-white images, the gray color
(a mixture of the red, green, and blue colors taken in equal proportions) is
used, and in processing of colored images, separate treatment in the three
colors is used with subsequent superposition of the three images.

Figure 5.7 presents solution results for a model example. Figure 5.7a
shows a defocused image of a gray text fragment (direct problem). A total
of 256 x 256 discrete readings were taken. Figure 5.7b shows the recon-
structed image (inverse problem) obtained with o = 0, i.e., without regu-
larization; this image presents an unstable solution. Figure 5.7c shows the
reconstructed image obtained with o = 5 - 1074, the best value of « chosen
by inspection of displayed images. Figure 5.7d shows the reconstructed im-
age obtained with a = 5- 1072, an overestimated value of . In all these
cases, p = 1. This way for choosing « is analogous to the TV-picture con-
trast adjustment procedure based on physiological rather than mathematical
criteria.

Figure 5.8 shows results obtained in reconstruction of a defocused colored
image.

Thus, with the help of stable relations (5.2.9)—(5.2.14) and with properly
chosen values of p and «, one can reconstruct the undistorted image with
intensity wq(&,n) from a defocused image with intensity g(z,y).
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Examples of images of extraterrestial objects (planets, nebuli, galaxies,
etc.) reconstructed from defocused images of these objects obtained on the
Hubble space telescope (HST) are given by Chaisson (1992). The defocusing
was caused by an error of curvature of the HST mirror when its making.
The computer-aided mathematical treatment of the photos made it possible
to reconstruct the undistorted images of the objects, i. e., to compensate the
metering error. Yet, in this case, in addition to the two-dimensional Fourier
transformation method, instead of some modification of the Tikhonov regu-
larization method, a method like the Fourier-spectrum truncation procedure
and the method of smoothing windows were used (Verlan’ and Sizikov, 1986,
pp. 259, 260).

5.3. X-RAY TOMOGRAPHY PROBLEMS

In this section, we will consider the mathematical aspect of x-ray computer
tomography (CT) (Sizikov, 2001, pp. 17-33; Tikhonov, Arsenin, and Timo-
nov, 1987; Webb, 1988, V. 1; Natterer, 1986; Tikhonov, Arsenin, Rubashov,
and Timonov, 1984; Troitskii, 1989), namely, some problems in it related
with an ill-posed integral equation. Note that there exist nuclear magnetic
resonance (NMR-) tomography (Sizikov, 2001, pp. 33-62; Webb, 1988, V. 2;
Afanas’ev, Studentsov, Khorev, et al, 1979; Galaydin, Ivanov, and Marusina,
2004; Montgomery, 1969; Brunner and Sizikov, 1998); ultrasonic tomogra-
phy (Webb, 1988, V. 2); positron-emission tomography, etc.

The word “tomography” takes its origin from the Greek words Toun
(cross-section) and ypapw (to write), i.e., this word means “to write in
cross-sections”. The essence of all types of tomographies is the same: from
integral characteristics taken from some cross-section of a body, it is required
to extract local characteristics, namely, the distribution of substance den-
sity (more exactly, of x-ray absorption factor) ¢(x,y) over this cross-section,
where x and y are the coordinates in this cross-section; and, then, with
densities ¢ (z,y) known in some set of cross-sections, where z is the coordi-
nate normal to the cross-sections, to find (reconstruct) the volume density
c(z,y,z). Different tomographies deal with entirely different types of in-
tegral data: CT deals with the intensity measured by radiation detectors;
NMR-tomography deals with echo-signals; etc. The mathematical descrip-
tions of tomographic problems also differ: in CT, the problem is described
by the Radon (or Fredholm) integral equation; in NMR-tomography, by
two-dimensional Fourier transformation; etc. Nonetheless, in all cases one
and the same final goal is pursued: it is required to obtain cross-sectional



Chapter 5. Image reconstruction and tomography 205

Figure 5.9. Tomograms of six horizontal sections of human brain

distributions of the density c(x,y). That is why, for instance, x-ray and
NMR tomograms (representations of ¢(z,y) in transparent films) closely re-
semble each other, although these tomograms have entirely different physics
and mathematics behind them and require different instrumentation to be
obtained. Figure 5.9 shows typical NMR tomograms.

5.3.1. Experimental procedure

Figure 5.10 shows a parallel scan scheme in x-ray tomograph intermediate
between tomographs of the first and second generation (by now, five gen-
erations of x-ray tomographs are known to exist (Sizikov, 2001, pp. 24-26;
Webb, 1988, V. 1)).

On a frame, an array of x-ray tubes-sources is mounted; each of these
x-ray tubes emits a well-collimated x-beam. All the beams are parallel to
each other. The beams pass a cross-section of the object of interest (brain,
for instance), and radiation detectors measure their attenuated intensities.
Subsequently, the frame as a whole, with the sources and the detectors
installed on it, is rotated through an angle 6 around the object to repeat
the measurements.
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Figure 5.10. Diagram illustrating x-ray tomographic examination of a body
(parallel scan scheme)

5.3.2. Beer law

According to the Bouguer-Lambert-Beer law (Sizikov, 2001, p. 18; Webb,
1988, V. 1), the intensity of an x-beam incident on the detector is

I(1,0) = Iy exp {— /L(l ) c(z,y)ds|, (5.3.1)

where [ is the coordinate of the detector, 6 is the frame angle, I is the
intensity emitted by the tube-source, ¢(x,y) is the substance density (more
exactly, the x-ray absorption factor) on the path of the ray L(l,6), which
represents a straight line whose equation is

xcosf +ysinf =1I. (5.3.2)

The integration in (5.3.1) is to be performed along the ray L(l,0). The
integral fL(l 0) c(x,y) ds is the mass of substance in the ray. The greater the
integral, the lesser is the transmitted intensity I(l,0).
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5.3.3. Radon transformation and equation

An alternative form of (5.3.1) is

1(1,0)/Io = exp [—q(1, 0)], (5.3.3)

where

q(l,0) = /L(w) c(x,y)ds. (5.3.4)

Definition. Expression (5.3.4), in which L(l,0) is some beam passing
through the substance, c¢(x,y) is the density of the substance in the beam,
and the coordinate s is directed along the beam, is called the Radon trans-
form (1917).

We find the logarithm of (5.3.3) and obtain:

q(1,0) = —In[1(1,0)/Io). (5.3.5)

Definition. The function ¢(l, 0) is called absorption or shadow.

The absorption ¢(I,6) assumes values ranging from 0, when (I, 6) = Iy,
i.e., the medium is transparent, to oo, when I(l,0) = 0, i.e., the medium is
opaque.

Definition. The ratio I(l,0)/Iy is called transparency.

The transparency (I, 0)/Iy assumes values ranging from 0 (the medium
is opaque) to 1 (the medium is transparent).

We may write (5.3.4) as
/ c(x,y)ds = q(l,6). (5.3.6)
L(1,0)

Relation (5.3.6) is called the Radon equation (or shadow equation). This
equation is the master equation in CT. Here, the two-dimensional func-
tion ¢(l,0) is defined by (5.3.5), where I(l,0) is a measured quantity, and
the two-dimensional function ¢(z,y) is the function to be found. In view of
this, relation (5.3.6) can be considered as an integral equation whose solu-
tion makes it possible to determine the function ¢(x,y) from the measured
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right-hand side ¢(l, #). In principle, by solving (5.3.6), one can find the den-
sity distribution ¢(z,y) in some cross-section of the object (a human brain,
for instance) from the measured intensity I(l,6) and, hence, the absorp-
tion ¢(l,0). Such a problem is called reconstruction of an z-ray image.

For the first time, this problem was considered by Radon in 1917.

One of the solutions of (5.3.6) (solution by means of convolution and
back projection method with use of Fourier transformation) has the form
(Bracewell and Riddle, 1967; Ramachandran and Lakshminarayanan, 1971;
Webb, 1988, V. 1; Troitskii, 1989, p. 33)

c(z,y) = 1/ dé?/ q(1,0)p(z cos + ysinf — 1) dl, (5.3.7)
™ Jo —o0
where ~
p(t) = 7 / ]! duw (5.3.8)

is the so-called impulse response of a filter with the frequency character-
istic m|w|. Let us briefly examine solution (5.3.7)-(5.3.8). We use the
Euler formula ¢! = coswt + isinwt and take the fact into account that
2 lwlcoswtdw = 2 [[Fweoswtdw and [* |w|sinwtdw = 0 (here, re-
spectively integrals of an even and odd function are considered). Then, we
obtain:

o0 o0 o0
p(t) = 7r/ |w| coswt dw + iw/ |w| sinwt dw = 277/ w cos wt dw.
—00 —00 0

Whatever t € (—o00,00), the latter integral never converges; as a conse-
quence, whatever x,y € (—00,00), expression (5.3.7) also never converges.
In other words, solution (5.3.7)—(5.3.8) is a solution that diverges even if the
function ¢(l,0) is known exactly. A converging and stable variant of this
solution will be presented below.

Another solution of (5.3.6) is (Tikhonov, Arsenin, and Timonov, 1987,
p. 40)

1 0g(l,0) dl
c(@,y) = 272 J, dﬁ/_oo Al 1 —(xcosf+ysinh)’ (5:3.9)

Solution (5.3.9) is an unstable solution; the latter fact is related with
the necessity of numerical calculation of the derivative dq(l,0)/0l of the
function ¢(l,#) that normally contains a noise-induced random component.
In addition, the integral in (5.3.9) is singular since the denominator I —
(x cos @ + ysin #) may turn into zero.

Thus, the problem on solution of equation (5.3.6) is an ill-posed problem.
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5.3.4. List of stable methods for solving the Radon equation

One of the first stable procedures for solving the Radon equation was realized
by G. Hounsfield in the first commercial tomographic system, the CT-1010
brain scanner of the firm EMI. Another method for solving this equation
is the Shepp-Logan method (filter) (Natterer, 1986; Webb, 1988, V. 1).
These and similar methods (in which stability is achieved by truncation of
the Fourier spectrum, by using smoothing windows, etc.) are sometimes
called “intuitive regularization”. These methods, although possessing some
stability, are not stable enough (see Figures 5.11 and 5.12 below). Better
results can be obtained by the Tikhonov regularization method or by even
more precise a method, the Arsenin local regularization method, realized in
the first Soviet x-ray computer tomograph CPT-1000 (Tikhonov, Arsenin,
Rubashov, and Timonov, 1984). Consider the use of Tikhonov regularization
method for solving the problem on reconstruction of x-ray images.

5.3.5. Stable solution of the problem
by the Tikhonov regularization method

First of all, dwell on solution (5.3.7). The regularized variant of this solution

is (Troitskii, 1989, p. 33):

1 s o
co(x,y) = /0 d«9/ G(1,0)pa(xcosf + ysinh — 1) dl, (5.3.10)

s

where ¢(l, 0) is the function distorted with some errors and

pa(t) = 7T/OQ |w|Wa(Jw])e™! dw. (5.3.11)

— 00

In (5.3.11) (cp. (4.7.19), (4.7.20))

H? (|w]) 1
o H(wl) = —,
) 7wl
a > 0 is the regularization parameter, and p > 0 is the regularization order.
Even simpler a form of W, (|w]|) is (Sizikov and Shchekotin, 2004)

1

Wa(|w]) = 1T o

(5.3.12)

Results of computer modelling according to (5.3.10)—(5.3.12) are given in
Sizikov and Shchekotin (2004).
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Consider now another variant of Tikhonov regularization. The Radon
equation (5.3.6) can be brought to a more habitual type of equation, namely,
to two-dimensional convolution-type Fredholm integral equation of the first
kind (Tikhonov, Arsenin, and Timonov, 1987):

)dz'd
/ / \/x—x:py wyyy) = S(z,y), —o00 < x,y < oo, (5.3.13)

where

1 ™
S(z,y) = 7T/0 q(zcosf + ysinb, 0)dé. (5.3.14)

Equation (5.3.13) has a standard form admitting a well-established so-
lution algorithm (Verlan’ and Sizikov, 1986; Tikhonov and Arsenin, 1977,
Tikhonov, Goncharsky, Stepanov, and Yagola, 1995). In this equation, the

kernel is
1

the function to be found is ¢(x,y), and the right-hand side S(x,y) can be
calculated numerically from known function ¢(I,6) by formula (5.3.14).

K(z,y) = (5.3.15)

In Section 4.7, the Tikhonov regularization method for solving the two-
dimensional first-kind convolution-type Fredholm integral equation was de-
scribed. According to this method, the regularized solution of (5.3.13) has
the form (cp. (4.7.26)—(4.7.30)):

x y 471'2 / / wl, LUQ —i(wiztway) dw1 du)g, (5316)

where the regularized-solution spectrum is

K’(—wl, —WQ)g(W17LL)2)

Calwi,ws) = . 5.3.17
a(wr,w2) L(wi,ws2) + aM (w1,ws) ( )
Here, the spectrum of the right-hand side,
A 0 S .
S(wi,ws) = / / S(z,y)e’ @1 me2y) 4z dy, (5.3.18)
—00 —0o0

is to be calculated numerically, whereas the spectrum of the kernel can be
found analytically:

2 2T

\/w%—i-w% w

(5.3.19)

f((wl,fw) :/ / K(x,y)e““’lﬁw?y) dxdy =
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Here

472

L(wi,ws) = | K (w1, w2)* = K (w1, wo) K (—w1, —wp) = w2’

(5.3.20)

where w = /w? 4+ w3, a > 0 is the regularization parameter. By Tikhonov,
Arsenin, and Timonov (1987, p. 68) the following form of the regularizer
M (w1, ws) was adopted:

M (w1, w2) = 47%[(W? + wd)? + 1] = 4n%(w? 4 1). (5.3.21)
As a result, for the regularized spectrum of the solution we obtain the
expression (Tikhonov, Arsenin, and Timonov, 1987, p. 68)

1 w
21 1+ aw?(w* +1)

éa(wl, (.UQ) = S((Ul,UJQ). (5.3.22)

For expression (5.3.22) the following features are typical.  First,
¢a(wi,ws) — 0 as w — oo, and integral (5.3.16) converges. Second, expres-
sion (5.3.22) provides for more accurate suppression of high frequencies w
compared to methods in which truncating high frequencies or smoothing
windows are used (Verlan’ and Sizikov, 1986, pp. 259, 260). The point here
is that, on the one hand, high frequencies more strongly respond to errors
and should therefore be suppressed and, second, high frequencies are nec-
essary for more accurate representation of close features in tomograms; for
this reason, a moderate suppression should be achieved. The Tikhonov reg-
ularization method satisfies both of these criteria (in a proportion governed
by the value of o).

5.3.6. Numerical illustrations

Below, we give some examples of reconstruction of x-ray images using the
various procedures. Figure 5.11 shows the solution of a model example
(Tikhonov, Arsenin, Rubashov, and Timonov, 1984).

Figure 5.11 shows the solutions obtained by the Shepp—Logan method
(this method belongs to “intuitive-regularization” methods), and by the Ar-
senin local regularization method (Tikhonov, Arsenin, and Timonov, 1987;
Tikhonov, Arsenin, Rubashov, and Timonov, 1984) (this method ensures
even a better accuracy than the Tikhonov regularization method). The so-
lution obtained by the Shepp-Logan procedure is seen to represent very
unstable a solution, whereas the local regularization method yields a high-
accuracy solution.
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Figure 5.11. Reconstruction of an x-ray image (the model example) by the
Shepp—Logan filter (a) and by the Arsenin local-regularization method (b)

Figure 5.12. Tomograms of a brain cross-section obtained by the EMI
procedure (a) and by the local regularization method (b)

Figure 5.12 shows tomograms (Tikhonov, Arsenin, Rubashov, and Ti-
monov, 1984) of one and the same section of human brain obtained by
the EMI procedure (CT-1010 tomograph) and by the local-regularization
method (CPT-1000 tomograph). A specific feature here is that the sub-
stance density varies in this cross-section only within ~ 0.5%; the EMI
procedure (see Figure 5.12a) fails to resolve these variations, whereas the
local-regularization method (see Figure 5.12b) successfully resolves them.

Additional examples can be found in Tikhonov, Arsenin, and Timo-
nov (1987), Webb (1988, V. 1), Natterer (1986), etc.
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5.3.7. About algorithms and programs

In practice, the above-described methods for reconstructing x-ray images
are realized in the form of numerical algorithms and computer programs.
The above-considered equations are integral equations of the convolution
type whose solutions can be expressed in terms of Fourier transforms (with
regularization). That is why a considerable portion of calculations reduces to
calculating continuous Fourier transforms (CFT), (5.3.8), (5.3.11), (5.3.16),
(5.3.18), (5.3.19), etc., direct or inverse, one- or two-dimensional. In turn,
in practical calculations CF'Ts are replaced with discrete Fourier transforms
(DFTs) realized normally as fast Fourier transforms (FFT).

For computer realization of FFT, many standard programs were devel-
oped, written in general-purpose programming languages (Fortran, C, Mat-
lab, MathCAD, etc.). Among such programs are the FFT (Rabiner and
Gold, 1975) and FTF1C (Tikhonov, Goncharsky, Stepanov, and Yagola,
1995) programs, intended for calculating one-dimensional FFTs, and the
FTFTC (Tikhonov, Goncharsky, Stepanov, and Yagola, 1995) program, in-
tended for calculating two-dimensional FFTs and written in the Fortran
language.

In addition, programs for solving one- and two-dimensional first-kind
convolution-type Fredholm integral equation by the Fourier transformation
and regularization methods were developed. These are the PTIKR pro-
gram (Tikhonov, Goncharsky, Stepanov, and Yagola, 1995), the CONV1
program, etc. (Verlan’ and Sizikov, 1986, pp. 379-388) (all these programs
are intended for solving one-dimensional equations); and the PTITR pro-
gram (Tikhonov, Goncharsky, Stepanov, and Yagola, 1995) (this program is
intended for solving two-dimensional equations); etc.

Real tomographs are normally supplied with software written not in
general-purpose languages but, for instance, in assembler; sometimes such
tomographs are provided with FFT co-processors.

In conclusion, it should be noted that there are also the algebraic recon-
struction method, the iterative reconstruction method, etc. (Webb, 1988,
V. 1; Natterer, 1986). Yet, we do not consider these methods.

5.4. MAGNETIC-FIELD SYNTHESIS
IN AN NMR TOMOGRAPH

Among the numerous problems that arise in nuclear-magnetic-resonance to-
mography (NMR-tomography) (Sizikov, 2001, pp. 33-62; Tikhonov, Ar-
senin, and Timonov, 1987; Webb, 1988, V. 2; Afanas’ev, Studentsov,
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Khorev, et al, 1979; Galaydin, Ivanov, and Marusina, 2004; Lugansky, 1987;
Lukhvich and Churilo, 1987; Montgomery, 1969; Cho, Jones, and Singh,
1993), there is an ill-posed problem that requires a regular method to be ap-
plied for its stable solution, namely, the problem of magnetic-field synthesis
in an NMR tomograph (Sizikov, 2001; Afanas’ev, Studentsov, Khorev, et al,
1979; Galaydin, Ivanov, and Marusina, 2004; Lugansky, 1987; Lukhvich and
Churilo, 1987; Sizikov, Akhmadulin, and Nikolaev, 2002; Adamiak, 1978).

5.4.1. Statement of the problem

In NMR-tomography, the magnetic field inside the tomograph must be made
highly uniform: the intensity H of the basic (static) magnetic field in the
working volume of the tomograph must vary only within AH/H ~ 1075 +
1079 (Webb, 1988, V. 2; Galaydin, Ivanov, and Marusina, 2004; Lukhvich
and Churilo, 1987; Cho, Jones, and Singh, 1993). The high uniformity of
the magnetic field makes it possible to solve, with a high resolving power,
the main problem of NMR-tomography, the problem of reconstruction of
NMR images (Sizikov, 2001, pp. 45-51; Webb, 1988, V. 2; Cho, Jones, and
Singh, 1993, pp. 270-274).

As a rule, synthesis of a highly uniform magnetic field is achieved by
introducing Helmholtz solenoidal correcting coils of different orders (Galay-
din, Ivanov, and Marusina, 2004). This engineering problem is very difficult
to solve. Consider another approach to the problem of synthesis of highly
uniform magnetic fields in NMR~tomographs. This approach is based on
calculating a distribution law of the electric current over the tomograph coil
winding enabling a highly uniform magnetic field inside the coil. This prob-
lem can be a direct, or analysis, problem (calculation of the magnetic field
from known current distribution) or inverse, or synthesis, problem (calcu-
lation of the current distribution from a given magnetic field). The inverse
problem is much more complex a problem than the direct one (Afanas’ev,
Studentsov, Khorev, et al, 1979, p. 17).

Consider the problem of magnetic-field synthesis inside a tomographic
coil (Sizikov, 2001, p. 55-61; Afanas’ev, Studentsov, Khorev, et al, 1979,
p- 17; Lukhvich and Churilo, 1987; Sizikov, Akhmadulin, and Nikolaev,
2002; Adamiak, 1978) and, by way of example, the simplest variant of this
problem, — magnetic field synthesis on the axis of a cylindrical coil with
infinitely thin winding.
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K. Adamiak (1978) was one of the first researchers who formulated the
magnetic-field synthesis problem with allowance for its ill-posedness; he
solved the problem by the Tikhonov regularization method. This prob-
lem was also treated by L. Lugansky (1987) and some other researchers.
Yet, several inaccuracies were committed in Adamiak (1978); in particu-
lar, in the choice of « in the Tikhonov regularization method, K. Adamiak
used the minimum-discrepancy principle, which gave out a very small value
of a ~ 107!3; this, in fact, meant that no regularization was used; as
a result, an unstable distribution of current was obtained. In Sizikov,
Akhmadulin, and Nikolaev (2002), some of the statements and idea pro-
posed by Adamiak (1978) were reformulated.

So, consider the following inverse NMR-tomograhy problem: given the
magnetic-field intensity (strength) H(z) on the axis of the coil, it is required
to find the distribution of the current density J(a) along the infinitely thin
winding of a cylindrical coil. This is the problem of integral synthesis of mag-
netic field on the axis of an NMR~tomograph coil (Lukhvich and Churilo,
1987). Here, a is the coordinate along the coil winding and z is the coordi-
nate along the axis of the coil. Consider the case of H(z) = const.

Figure 5.13 shows a cylindrical coil with infinitely thin winding, where
a € [—1,1] is the distance along the coil winding; z € [—[,] is the distance
along the coil axis, reckoned from its center; [ is the half-length of the coil;
H(z) = H = const, z € [—[,l] is the given magnetic-field strength on the
axis of the coil; J(a), a € [—1,1] is the desired distribution of current along
the coil winding; and R is the coil radius.

According to Montgomery (1969), in the case of J(a) # const the coil is
called solenoid with variable current density, or solenoid with non-uniform
current distribution. A non-uniform distribution of the electric current can

J(a)
L >
R
H(z)
-1 () Iz

Figure 5.13. Cylindrical coil with infinitely thin winding
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be achieved by dividing the solenoid into several individual sections. Other
methods (use of insulated turns with individual current supply organized to
each of the turns from a single source or use of a solenoid wound from a wire
whose individual turn have different resistances) were proposed by Sizikov,
Akhmadulin, and Nikolaev (2002).

5.4.2. Derivation of the integral equation
for the synthesis problem

The magnetic-field strength on the axis of a thin turn (circular current)

is (Afanas’ev, Studentsov, Khorev, et al, 1979, p. 20; Galaydin, Ivanov,

and Marusina, 2004; Druzhkin, 1964, p. 327; Montgomery, 1969; Frish and

Timoreva, 1952, pp. 330-333; Cho, Jones, and Singh, 1993) (see Figure 5.14)
JR?

H(z):k\/[R2+(z—a)2]3’ —00 < z < 00,

where k is the proportionality factor, J is the electric current in the turn,
R is the radius of the turn, z is the coordinate of the point at which we
calculate the field H, and a is the z-coordinate of the center of the turn (the
axis z is normal to the plane of the coil). To simplify further notation, we
assume that k£ = 1. Then,

JR?

H(z) = TG —00 < z < 00. (5.4.1)

Next, we assume that we have an infinite set of turns wound on a cylin-
der of radius R and half-length [ with a current density J = J(a) (see
Figure 5.13). In this case, performing integration over all turns producing
field strength (5.4.1), we obtain the following expression for the integral

Figure 5.14. Field strength at the axis of the thin turn
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magnetic-field strength at a point with coordinate z at the axis of the cylin-
der with infinitely thin winding (see Figure 5.13):

L J(a)R?*da
H(z) = /l\/R2 CEEE —00 < z < 00. (5.4.2)

Calculation of the field H(z) from a given current J(a) by formula (5.4.2)
is the direct problem. It is worth noting that formula (5.4.2) is valid for all
points both inside (|z| <) and outside (|z| > 1) the cylinder. Let us briefly
analyze the direct problem.

If J(a) = J = const, then integration (5.4.2) yields:

H(z)=

z+1 z—1
J, — . (5.4.3
[\/R2+(z+l) VER2+ (2 —1)2 ] Po <z <o (343)

Particular cases of (5.4.3) are as follows: the field at the center of the coil
is H(0) = 2,]/\/1 + (R/1)?, and the field at the edges of the coil is H(l) =
J/\/l—i— (R/20)2. f R =1, thenH 0) = 2J/v2and H(l) = 2J/v/5; i.e., the
field strength at the center of the 0011 is greater than the field strength at its
edges by the factor \/5/2 ~ 1.58. If z — oo, then H(z) — 2JR?1/2® (Frish
and Timoreva, 1952, p. 333); i. e., the field H(z) outside the coil vanishes as
~ z73. This asymptotics holds both in the case of a thin coil (see (5.4.1))

and in the case of a cylindrical coil with J(a) # const.

If I > R (infinitely long coil), then H(0) = 2J and H(l) = J. We see
that, here, the field strength at the center of the coil is two times greater
than at its edges.

If, for instance, [ = 10R, i.e., the length of the coil is twenty times
greater than its radius, then H(0) = 1.9901J and H(R) = 1.9898.J; hence,
|H(R) — H(0)] /H(0) ~ 1.5 - 10~%. We see that, in principle, using a long
coil, one can achieve an magnetic field non-uniformity of order 10~ in the
region |z| < R; such a coil, however, is hard to fabricate.

The above brief analysis of the direct problem shows that in the case of
J(a) = const the field H(z) decreases from the center of the coil towards its
edges, whereas outside the coil H(z) ~ |z|73 as |z| — oc.

Let us consider now the inverse problem. We write (5.4.2) as

/l J( )d = H( ) -1 l (5 4 4)
a a z <Z< . S
I \/ 2 9 = =

(z —a)?]?

Relation (5.4.4) is the first-kind Fredholm integral equation, where H (z)
is the set right-hand side (magnetic-field strength at the axis of the coil)
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Hi(x)

H(x)=const

H(x)~| x|

-So 0 So X

Figure 5.15. Magnetic-field strength H(z) inside and outside the coil

(H(z) = H = const, for instance), and J(a) is the function to be found
(distribution of current along the infinitely thin winding of the cylindrical
tomographic coil). The problem on solving equation (5.4.4) is an ill-posed
problem (see Section 4.4).

We use the dimensionless variables s = a/R, x = z/R, and sy = l/R.
Then, we can rewrite equation (5.4.4) as follows:

/SO K(x,s)J(s)ds = H(z), —sp <z < sp, (5.4.5)

—30

where
K(z,s) =1/y/[1+ (x — s)?]? (5.4.6)
is the kernel of the integral equation.
The solution of (5.4.5) and its realization make it possible to obtain a

polarizing field on the axis of the coil with a given law of field strength
(H(x) = H = const, for instance).

5.4.3. Solution of the equation by the regularization method
with constraints

Consider now how equation (5.4.5) can be solved.

Perform first a qualitative analysis. Note that notation (5.4.5), (5.4.6) is
valid not only for x € [—sy, sg], but also for x ¢ [—sp, so].

Let H(x) = const for x € [—sg, So]. Then, the field H(z) # const at
x & [—s0, So] and monotonically vanishes with increasing |z|; as |z| — oo,
the field follows the asymptotic H(z) ~ |z|~3 (see Figure 5.15).

We see that the function H(x) has discontinuous derivatives H'(z),
H'(z), ... at © = £sp. It follows from here that the desired function J(s)
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J(s)

-5, 0 Sy s

Figure 5.16. Function J(s) (schematically)

is singular at s = —sgp + 0 and s = sp — 0, and for |s| > sp the current
J(s) = 0, in compliance with the physical statement of the problem. Be-
sides, if H(—x) = H(z), then J(—s) = J(s).

Thus, the function J(s) is a singular and symmetric function, i.e., a
function schematically shown in Figure 5.16.

Consider the numerical solution algorithm. In principle, one can try to
seek for an analytical solution of equation (5.4.5). Yet, no analytical solution
can be found here. Consider therefore the matter of numerical solution of
this equation. Taking into account incorrectness of (5.4.5), let us use the
Tikhonov regularization method (see Section 4.7).

Adamiak (1978) also used the Tikhonov regularization method. The
numerical solution of (5.4.5) obtained him showed that the regularized so-
lution J,(s) obtained with small values of « displays alternating large-
amplitude fluctuations. At the same time, it can be expected that the
regularization parameter should indeed be very small (of order 1075 +10719)
because the function H(x) is known exactly and the problem involves only
algorithm-induced errors. Besides, the regularized solution J,(s) is expected
to vary in a broad range of values (because the exact solution is singular).
In addition, the solution J,(s) must monotonically increase from the center
of the coil (s = 0) towards its edges (s = £ sp).

For the regularized solution J,(s) to possess the above-described prop-
erties, namely, to be non-negative and monotonically increasing from the
center of the coil towards its edges, it must be sought for by the Tikhonov
regularization method with constraints imposed on solution (Tikhonov, Gon-
charsky, Stepanov, and Yagola, 1995).

The constraints consist in that the solution J,(s) is sought on the set
of non-negative monotonically non-increasing functions (Tikhonov, Gon-
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charsky, Stepanov, and Yagola, 1995). Yet, only left part of the solution
Jo(s) (for s € (—sp,0]) satisfies this condition. Therefore, we modify equa-
tion (5.4.5) taking into account the symmetry of the solution: J(—s) = J(s).

Modification of equation (5.4.5). We write (5.4.5) as

50 J(s)ds

—so V[1+ (= 5) 0 \/1+ (x — 5)2]3
0 J( s)ds
/—so — —$0 \/ x—l—s

Since J(s) = J(—s), i. e., the current distribution is symmetric, then
H(x) = H(—x), i.e., the magnetic field H(x) is also symmetric. The con-
verse is also valid: if H(z) = H(—=z), then J(s) = J(—s).

As a result, we can write equation (5.4.5) as follows:

" R(x,s)J(s)ds = H(x), —s0 < x <0, (5.4.7)

—so
where the new kernel is

1 n 1
VIL+ (@ +9)?P I+ (@ =97

So, we seek the solution J(s) in the left half-space by solving equation
(5.4.7), i. e., for s € (—sp, 0], and assume that in the right half-space J(s) =
J(—s), s € [0, s0).

We will additionally take the fact into account that the function J(s)
is a non-negative function monotonically non-increasing over the interval
s € [—s0,0]; such a function is schematically shown in Figure 5.17.

R(z,s) =

(5.4.8)

To obtain the numerical solution J,(s) by the Tikhonov regulariza-
tion method on the set of non-negative monotonically non-increasing func-
tions, one can employ the PTIPR Fortran program (Tikhonov, Goncharsky,
Stepanov, and Yagola, 1995). In this program, a smoothing functional is
minimized by the conjugate gradient projection method on the set of non-
negative monotonically non-increasing functions at each value of o (v > 0).

Example. Using the PTIPR program, we solved the following exzam-
ple (similar to the examples considered by Adamiak (1978); Sizikov (2001,
p. 57); Sizikov, Akhmadulin, and Nikolaev (2002)): so = 0.5, discretization
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Figure 5.18. Regularized solutions J,(s) with constraints:
1—a=10"%2—a=11-107%3—a=10"°

step h = As = Ax = 0.00625, number of discretization steps in the left half-
space n = so/h = 80, total number of turns in the coil N = 2n + 1 = 161,
field strength H(x) = H = const = 1, —sp < x < sp.

The problem was solved for several values of a. Figure 5.18 shows the
solutions .J,(s) obtained with a = 107* (curve 1), a = 1.1-107° (curve 2),
and a = 107% (curve 3).
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Figure 5.19. Regularized magnetic-field strength H, (x):
I1—a=10%2—a=11-10"%3-a=10"°

Figure 5.19 shows the magnetic field strength distributions calculated
from the found solutions J,(s) by the formula (cp. (5.4.7))

0
H,(x) = R(x,s)Jq(s)ds, —sp <z <0, (5.4.9)

—so
with a = 107 (curve 1), a = 1.1-107° (curve 2), and a = 1076 (curve 3).
The integral in (5.4.7) was represented and the integral in (5.4.9) calcu-
lated by the trapezoid formula with a constant step h.
Figure 5.18 shows that with decreasing «, the ratio J,(—sp)/Ja(0) in-
creases and, as a — 0, the solution J,(s) passes into a singular function.

Figure 5.19 shows that, for some moderate (optimal) value of a (in this
example agpy ~ 1.1 - 1079), the relative field non-uniformity

_ [Ha(x) — Ha(0)] _ }Ha(x
Hy(

)
AHarel(x) - Ha(O) O) - 1‘

is equal ~ 10~ + 107° for |z| € [0,0.15] = [0, 0.3]so.

From the above consideration, the following conclusions can be drawn:
1) although the use of the Tikhonov regularization method without con-
straints imposed on the solution stabilizes solution, the solution J,(s) ob-
tained with small values of « displays fluctuations whose amplitude increases
as the parameter v decreases (see Adamiak (1978) and Sizikov (2001, p. 58));
2) in using the Tikhonov regularization method with constraints imposed
on solution, the fluctuations in the solution .J,(s) vanish even at very small
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values of a (see Figure 5.18); 3) as it is seen from Figure 5.18, as o — 0,
the solution J,(s) passes into a singular function resembling the d-function;
from the practical point of view this means that the coil must be made in
the form of a solenoid with uniform current distribution except for several
end turns in which the current increases towards the edges of the coil.

5.4.4. Solution obtained by the approach to the j-function

The latter example was also solved as follows (Sizikov, Akhmadulin, and
Nikolaev, 2002). The desired function J(s) was set equal to

J(s) = T 5= 0 (5.4.10)
‘]7 S 7& —50,

(approach to the o-function), where J = const = 1, and Jy was a varied pa-
rameter. From the engineering point of view, function (5.4.10) is equivalent
to a combination of a solenoidal coil with the current J and a pair of thin
turns (Helmholtz rings) with the current Jy located at the edges of the coil
(the solenoid and the turns are the same radius).

The integral in (5.4.7) was approximated by the trapezoid formula and
the magnetic-field strength H(z) was calculated as

n

H(z)=h> piR(z,5;)J(s;), (5.4.11)
3=0

where
0.5, 7=00rj=n,

8j = —so+hj pj:{1 0O<j<n

Figure 5.20 shows the predicted field strengthes H(x) for Jy = 110, 120,
and 130 (curves 1, 2, and 3, respectively), so = 0.5, h = 0.00625, n = 80.

We see that, at a certain value of Jy, the average field uniformity (curve 2
in Figure 5.20 for |z| < 0.4s0, i. e., in the working volume) is of order 10~%.
The greater the number N of turns, the better is the field uniformity.

The following conclusion can be drawn. With the electric-current dis-
tribution J(s) made uniform along the tomographic coil except for its edge
turns (i. e., with the distribution of type (5.4.10)), a more uniform magnetic-
field strength H(x) can be achieved at the axis of the coil. Although more
simple than the previous method (Tikhonov regularization method with con-
straints imposed on solution), the method under consideration (approach to
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Figure 5.20. Field strengthes H(z) calculated by for-
mula (5.4.11):
1— Jo=110; 2 — Jo =120; 3 — Jo = 130

the o-function) yields better results (provides for a more uniform magnetic
field). This example shows how important it is to use additional informa-
tion in solving ill-posed problems and to construct, on the basis of this in-
formation, an adequate algorithm. Although both methods use information
about the solution, the second method admits a more adequate mathemati-
cal description of the problem and, as a consequence, yields a more accurate
solution.

The second method is not a novelty. As a matter of fact, is was previously
used by L. Lugansky (1987) and others. Yet, the purpose of the present
narration was demonstration of various variants of stable methods for solving
ill-posed problem rather than gaining most accurate practical results.
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